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0. Introduction 

In this paper we are going to present the proofs of the following two 
theorems on the hyperbolicity of generic hypersurfaces of sufficiently 
high degree and of their complements, together with a number of re- 
lated results, obtained by the same methods, such as: (i) a Big-Picard- 
Theorem type statement concerning extendibility, across the puncture, 
of holomorphic maps from a punctured disk to a generic hypersurface 
of high degree, (ii) entire holomorphic functions satisfying polynomial 
equations with slowly varying coefficients, and (iii) Second Main The- 
orems for jet differentials and slowly moving targets. 

Theorem 0.1. For any integer n > 3 there exists a positive integer 
6n (which is explicitly expressible as a function of n) with the following 
property. For any generic hypersurface X in P„ of degree S > 6n there 
is no nonconstant holomorphic map from C to X . 



^Partially supported by grant DMS-1001416 from the National Science 
Foundation. 
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Theorem 0.2. For any integer n > 2 there exists a positive integer 
6* (which is explicitly expressible as a function of n) with the following 
property. For any generic hypersurface X in P„ of degree 6 > 5^ there 
is no nonconstant holomorphic map from C to P„ — X. 

Theorem 10.11 was presented with a sketch of its proof in |Si02] and 
|Si04] ■ The methods used, though rather tedious in some of their de- 
tails, consist essentially just of some skillful manipulations in linear 
algebra and the chain rule of differentiation. The underlying ideas in 
these methods can be traced to the techniques which Bloch developed 
in his 1926 paper |B26] . To explain this link to Bloch's paper |B26] . we 
first very briefly describe Bloch's techniques with explanations about 
how they foreshadow to a certain extent our techniques in this paper. 

0.3. Bloch's Technique of Construction of Jet Differential. 

In his 1926 paper |B26] Bloch proved the nonexistence of nonconstant 
holomorphic maps from C to a submanifold Y of an abelian variety A, 
which does not contain a translate of a positive-dimensional abelian 
subvariety of ^4, by producing sufficiently independent holomorphic jet 
differentials u onY vanishing on some ample divisor of Y and using the 
fact that the puUbacks of such jet differentials by holomorphic maps 
from C to y vanish identically. 

He produced such holomorphic jet differentials u on F, not by ap- 
plying to Y the theorem of Riemann-Roch (which was not yet readily 
available at the time of Bloch's paper for the case needed for its appli- 
cation to y), but explicitly by pulling back to Y constant-coefficient 
polynomials P (with homogeneous weight) of differentials of the coor- 
dinates (including higher-order differentials) of the universal cover A of 
the abelian variety A. When the constant-coefficient polynomials P of 
differentials of coordinates of A are pulled back to F , the condition of Y 
not containing a translate of a positive-dimensional abelian subvariety 
of A causes new vanishing of the pullbacks on Y . Moreover, the new 
vanishing is on some ample divisor of Y when the constant-coefficient 
polynomials P of differentials of coordinates of A are appropriately 
chosen. The reason why it is possible to choose P so that its pullback 
a; to y vanishes on an ample divisor of Y is that the condition of not 
containing a translate of a positive-dimensional abelian subvariety of 
A guarantees that the dimension of the C- vector space of the pullbacks 
to y of all possible such polynomials P is so high that at least one C- 
linear combination u of such pullbacks vanishes on some ample divisor 

of y. 
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Bloch's construction is related to the classical construction of a C- 
basis of holomorphic 1-forms for a regular plane curve C defined by an 
equation R{x^ ?/) = of degree 5 > 3 in the inhomogeneous coordinates 
x,y of P2, which are constructed by pulling back to C meromorphic 1- 
forms 

Ry{x,y) Rx{x,y) 
of "low pole order" on P2, where Rx{x,y) and Ry{x,y) are the first- 
order partial derivatives of R{x, y) and P{x, y) is a polynomial of degree 
< 6 — 3. The adjunction formula for the plane curve C causes new 
vanishing to cancel the "low pole order" of the meromorphic 1-forms 
on P2 to yield holomorphic 1-forms on C when the meromorphic 1- 
forms on P2 are pulled back to the plane curve C. 

In this paper, the construction of holomorphic jet differentials on 
a generic hypersurface X of sufficiently high degree 6 in P„ combines 
Bloch's method and the classical construction of holomorphic 1-forms 
on plane curves of high degree. We take meromorphic jet differentials 
of low pole orders (of magnitude for some appropriate < e < 1) 
on P„ and pull them back to X. The high degree 6 oi X will guarantee 
(according to Lemma [23] concerning the injectivity of the pullback map 
for certain jet differentials) that the dimension of the C-vector space 
of such pullbacks is so high that some C-linear combination of such 
pullbacks will be a non identically zero holomorphic jet differential on 
X vanishing on some ample divisor of X (see Proposition 13.81 below). 
One key point in this argument is that, because the dimension of P„ is 
higher than that of X, there are more degrees of freedom in constructing 
meromorphic (n — l)-jet differentials of low pole order on P„ and, if 
the pullback map to X of such meromorphic {n — l)-jet differentials 
is injective, there are sufficient independent pullbacks to X to form a 
non identically zero C-linear combination which vanishes on an ample 
divisor of X. 

0.4. Key Technique of Slanted Vector Fields. 

After so many decades of impasse, the real key which opens the way 
to the proof of the hyperbolicity of generic hypersurface of sufficiently 
high degree (in the sense stated in Theorem 10. ip is the introduction 
in |Si02] |Si04] of the technique of slanted vector fields in the subspace 
Jn-f^ (A') of vertical (n — l)-jets in the (n — l)-jet space Jn-i{X) of the 
universal hypersurface X of degree 5 in P„ X P^ (where N = (^+") - 1). 

For a complex manifold Y the space JkiX) of A;-jets of Y consists of 
all /c-jets of Y (each of which is represented by a parametrized complex 



4 



curve germ). The universal hypersurface X of degree 5 in P^i x P^v 
(with = {^l"") - 1) is defined by 

uo~\ \~u„=5 

where a = [c^uo,--- ,u„]^^_^_..._^_^^=s homogeneous coordinate of Pat 

and [^0; ■ ■ ■ 1 is the homogeneous coordinate of P„. For a G Pat 
let X^"^ be the hypersurface of degree 6 defined by fl0.4[ l) when a is 
fixed as constant. A vertical /c-jet of A* is a A;-jet in X representable 
by some (parametrized) complex curve germ lying completely in some 
fiber of X. We denote by 4''^'*^ (X) the space of all vertical /c-jets 
on X. There is a projection map vr^ vert : Jk"^^^^ i'^) ~^ '^n such that 
an element Pq of J^™'^*'' {X) is represented by a (parametrized) complex 
curve germ in X^°'^ with a = iTk^vcrt (Pq)- 

A slanted vector field ^ on jj^"^^^^ (X) means a vector field of jj^"^^^^ (X) 
which at a generic point Pq of Jt^^^^ i'^) is not tangential to the space 
Jk (A:(")) of A;-jets of the fiber X^"^ at the point Pq of Jk (X^")) with 

a = TTfc^vcrt (Pq)- When a local A;-jet differential form on defined 
for a in some open subset U of Pat is regarded as a local function on 
j^vcrt) ^^-j differentiated with respect to ^, the result is a local 

function on jj^^^^^ (X) which is represented by a local /c-jet differential 
on A:(°) for aeU. In the case of A; = n — 1 , meromorphic slanted vec- 
tor fields ^ of low vertical pole-order (of the magnitude Op^ (n^) on the 
vertical fiber), whose existence is given in Proposition 12. 171 below, play 
the following indispensable role in generating sufficiently independent 
holomorphic (n — l)-jet differentials on X^°'^ vanishing on an ample 
divisor for a generic a and for S sufficiently large. 

On a regular hypersurface X^°'^ of high degree 6, there cannot be any 
nonzero meromorphic vector fields on X^°'^ of low pole order. However, 
the universal hypersurface X of degree 5 in P„ x Fn has bidegree [6, 1) 
with respect to the two hyperplane section line bundles Op^{l) and 
Op^(l). Because of the second component 1 in the bidegree (5,1) of 
X, when slanted vector fields are used, it is possible to get meromorphic 
slanted vector fields of (X) with low vertical pole order. 

For a generic a G P„ the holomorphic (n — l)-jet differential w'-"^ 
on vanishing on an appropriate ample divisor (constructed by 

pulling back an appropriate meromorphic (n — l)-jet differential of low 
pole order on P„ according to Proposition 13.81 below) can be extended 
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to a holomorphic family w'-"-* on for a in some open neighbor- 

hood U of d in P^r so that successive apphcation of different finite 
sets of meromorphic slanted vector fields .^i, ■ ■ ■ , of low vertical pole 
order (as constructed in in Proposition 12.171 below) would yield suf- 
ficiently independent holomorphic jet differentials vanishing on ample 
divisor on X*^"^ so that the application of the Schwarz lemma of the 
vanishing of puUbacks, to C by a holomorphic map C — X^°'\ of holo- 
morphic jet differentials vanishing on ample divisor of X^°'^ would force 
every holomorphic map from C to X^°''^ to be constant (see Lemma l4rT| 
Proposition I4.3[ and the proof of Theorem 10.11 given in 14.41 below). 

We would like to remark that the Schwarz lemma of the vanishing 
of puUbacks, to C by a holomorphic map C — )■ X^°'\ of holomorphic 
jet differentials vanishing on ample divisor of also has its origin in 
Bloch's 1926 paper [B26] . though its formulation and its proof there are 
in a form very different from our current way of mathematical presen- 
tation. Bloch's proof of applying Nevanlinna's logarithmic derivative 
lemma (p. 51 of jNe25j ) to local coordinates which are the logarithms 
of global meromorphic functions still is the best proof of the Schwarz 
lemma. It is recast in the current language of mathematical presenta- 
tion on pp.1162-1164 of [5Y97] . 

0.5. Slanted Vector Fields and Bloch's Technique of Maps by Transla- 
tion. 

The technique of slanted vector fields in a way also finds some remote 
ancestry in the 1926 paper of Bloch |B26j . though the connection is 
not so transparent. We point this out here in order to dispel the wrong 
perception that the technique of slanted vector fields is applicable to 
generic hypersurfaces of high degree because of the variation of complex 
structure of hypersurfaces as the coefficients of their defining functions 
vary. 

In his proof of the hyperbolicity of a submanifold Y in an abelian 
variety A which contains no translate of positive-dimensional abelian 
subvariety of A, Bloch used the vector fields from translations in A to 
do the differentiation of jet differentials. That is the reason why when 
such differentiations cannot yield enough independent holomorphic jet 
differentials to give hyperbolicity of Y, Y must contain a translate of 
some positive-dimensional abelian subvariety of A. This link of the use 
of slanted vector fields to Bloch's technique of using vector fields of 
maps by translation is obscured by the fact that in Bloch's techqniuqe 
the result of differentiation with respect to vector fields of maps by 
translation is just the same as the use of a different constant-coefficient 
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polynomial in differentials of the coordinates of the universal cover A 
of A. 

Let us return to our situation at hand of using slanted vector fields 
^ on Jfc (X^"-*) of low vertical pole order for k = n — 1. Though the 
complex structure of the hypersurface X^""^ changes as a varies in Pat, 
the slanted vector fields ^ in general do not respect the fibers in the 
sense that for two distinct points Pq and Pq on (X^"")) the two pro- 
jections TTk,ven i^Po) aiid TTfc^vert (^Pq) ^re in general different vectors in 
the tangent space of Pat at a. 

For our situation at hand, the geometric picture is not the pulling 
back of /c-jet differential from a neighboring fiber by the slanted vec- 
tor field f , even in the infinitesimal setting. What is relevant is the 
existence of slanted vector fields pointing in sufficiently many differ- 
ent directions on j].™'^*'' (X) at the prescribed point in question. The 
realization of the irrelevancy of the variation of the complex structure 
X^"^ as a varies in P^v, as well as the interpretation of Bloch's technique 
of differentiation with respect to vector fields of maps by translation, 
points to the promise of the applicability of our method even to the 
case of some rigid complex manifolds Z inside some P.^ as a submani- 
fold of possibly high codimension. In certain cases, though Z may be 
rigid as a compact complex manifold, yet there is a possibility that 
appropriate meromorphic vector fields on P„ applied to puUbacks to Z 
of low pole-order meromorphic jet differentials on P„ may yield suffi- 
ciently independent holomorphic jet differentials on Z vanishing on an 
ample divisor. 

0.6. Necessity of Use of Vertical Jet Space. 

The reason why the more complicated space ^ (X) of vertical 
[n — l)-jets of X has to be used instead of the simpler {n — l)-jet space 
Jn-i{X) of X is that, while it is possible to extend a holomorphic 
{n — l)-jet differential a;^"^ on a hypersurface X^"-* for a generic a G Pat 
to a holomorphic family of w^""^ on for a in an open neighborhood 
[/ of a in Pat, it is in general impossible to find a holomorphic (n — 1)- 
jet differential on the part of Jn-i{X) above some open neighborhood 
U of d in Pat whose pullback to X^°'^ is equal to u^°'\ 

Difficulty of the latter kind of extension can be illustrated easily in 
the case of a holomorphic family of plane curves Ca given by R{x, y,a) = 
with a in the open unit disk of C as a holomorphic parameter. A 
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holomorphic 1-form on a single plane curve Ca can be constructed as 

dx dy 
Ry{x,y,a) R:c{x,y,a) 

from the vanishing of the differential dR = R^dx + Rydy on Ca when 
a is considered as a constant, but in the total space UagA of the 
family of plane curves it is not easy to carry out a similar construction, 
because when a is regarded as a variable, the differential dR becomes 
Rxdx + Rydy + Rada and the same method cannot be applied. 

Furthermore, it is for this kind of difficulty of constructing (n — 1)- 
jet differentials on the universal hypersurface X that the additional 
condition fl5.9[ l)j for 1 < j < n — 1 is introduced into Theorem 15 .111 on 
entire function solutions of polynomial equations with slowing varying 
coefficients, so that families of vertical (n — l)-jet differentials on the 
fibers can be used instead. 

0. 7. Algebraic Geometric Counterpart of Slanted Vector Fields. 

In his 1986 paper |C186j Clemens introduced a technique (later gen- 
eralized by Ein |Ei88j . and Voisin |Voi96j ) to prove the nonexistence 
of rational and elliptic curves in generic hypersurfaces of high degree 
by showing that the normal bundle of one such curve in the family of 
such curves is globally generated by sections with vertical pole order 

1. His technique can be considered the counterpart of our method of 
slanted vector fields and as a matter of fact serves as motivation for 
our method. 

On its face value Clemens's technique of using normal bundle to 
estimate the genus of a curve is algebraic in nature and cannot possibly 
have anything to do with the problem of hyperbolicity of transcendental 
in nature. Its relevancy was realized for the first time in |Si02j and |Si04j 
partly because of our seemingly completely unrelated earlier work on 
the deformational invariance of the plurigenera |Si98j |SiOOj . 

Like jet differentials, pluricanonical sections can be naturally pulled 
back by a map and, as a result, their Lie differentiation can be natu- 
rally defined without specifying any special connection. In a hitherto 
unsuccessful attempt to study deformational invariance of sections of 
other bundles associated with the tangent bundle (besides pluricanoni- 
cal sections), we investigated the obstruction of moving jet differentials 
out of a fiber in a family of compact complex manifolds and considered 
their Lie derivatives with respect to slanted vector fields. Such inves- 
tigations, though unsuccessful so far as its original goal is concerned, 
serendipitously led to the use of slanted vector fields in the study of 
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hyperbolicity problems and to the realization that Clemens's technique 
is relevant to, and can serve as motivation for, the differentiation of jet 
differentials by slanted vector fields to produce new ones. 

0.8. Linear Algebra versus Theorem of Riemann-Roch. 

As already pointed out in the paragraph straddling p. 445 and p. 446 
in jSi02] . a non identically zero holomorphic {n — l)-jet differential on 
X*^"-* vanishing on an ample divisor can be constructed from the theo- 
rem of Riemann-Roch by using the sufficient positivity of the canonical 
line bundle of X^°''^ and the lower bound of the negativity of jet dif- 
ferential bundles of Such a jet differential can also be directly 
obtained by using the linear algebra method of solving a system of lin- 
ear equations with more unknowns than independent linear equations, 
which is the method used here in Proposition 13.81 below, as sketched 
on p. 446 of |Si02] . This direct method of construction by linear al- 
gebra has the important advantage of better control over the form of 
the resulting jet differential so that the application of slanted vector 
fields can produce sufficiently independent jet differentials vanishing on 
an ample divisor of X^°''> for a generic point a of Pat (see Lemma 14. H 
Proposition 14. 3[ and the proof of Theorem 10.11 given in 14.41 below). 

Of course, the use of the theorem of Riemann-Roch also uses the 
linear algebra technique of counting the dimension of sections modules 
and the dimension of obstructional higher cohomology groups, but the 
process of going through a labyrinth of exact sequences so obscures the 
eventual form of the resulting jet differential that not enough control 
can be retained to get beyond the weaker conclusion that holomorphic 
maps from C to X*^"^ is contained in some proper subvariety of X*^"). 

Recently Diverio, Merker, and Rousseau in |DMR10j used the the- 
orem of Riemann-Roch to construct a holomorphic jet differential on 
X*^"^ vanishing on an ample divisor and then used Merker's work [Me09j 
involving our method of slanted vector fields to arrive at the conclu- 
sion that holomorphic maps from C to X*^°^ is contained in some proper 
subvariety of X*^°\ 

0.9. Simplified Treatment in Going from Non Zariski Density of Entire 
Curves to Hyperbolicity. 

In the original sketch of the proof of Theorem 10.11 in |Si02] , for the 
last step discussed on p. 447 of |Si02] of going from the non Zariski 
density of entire curves to hyperbolicity, the method of construction of 
jet differentials is applied to a hypersurface X in constructed from 
the hypersurface X*^"") in P„ with a larger n so that more jet differentials 
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on can be obtained from jet differentials on X. The idea is tliat the 
zero-set of tlie jet differentials constructed on X^"-* from linear algebra 
would be defined by the vanishing of polynomials of low degree in low- 
order partial derivatives of the polynomial /'•"^ defining X^°'^ and, in 
order to take care of such zero-set, the low-order partial derivatives of 
/ are introduced as additional new variables. The genericity condition 
of / enters in a certain form of independence of the low-order partial 
derivatives of /. 

In this paper we use a simplified treatment of this step and directly 
use the genericity condition of / as a certain form of independence of 
the low-order partial derivatives of /. The key point of the argument, 
given in Lemma 14.11 and Proposition 14.31 is that the puUback, to a 
generic X^°'\ of a meromorphic (n — l)-jet differential on P„ defined by 
a low-degree polynomials of the inhomogeneous coordinates of P„ and 
their differentials have only low vanishing order at every point of X^°'\ 

0.10. Techniques Parallel to Those in Gelfond-Schneider-Lang-Bombieri 
Theory. 



Paul Vojta presented in |Voj87 a formal parallelism between the 



results in diophantine approximation and those in value distribution 
theory. Along this line, the techniques presented here for the proof 
of the hyperbolicity of generic hypersurfaces of sufficiently high degree 
are, in certain ways, quite parallel to the techniques used for the the- 
ory of Gelfond-Schneider-Lang-Bombieri ( [Sc34j . |Ge34j . |La62j . [La65j . 
[La66] . [BofO] . and jBL70] l 



(i) The construction of holomorphic jet differentials in Proposition 
by solving a system of linear equations with more unknowns than equa- 
tions is parallel to the use of Siegel's lemma in the theory of Gelfond- 
Schneider-Lang-Bombieri to construct a polynomial with estimates on 
its degree and the heights of its coefficients. 

(ii) The requirement that the constructed jet differential vanishing on 
an ample divisor of high degree in Proposition 13.81 is parallel to the re- 
quirement of the vanishing of the constructed polynomial in the theory 
of Gelfond-Schneider-Lang-Bombieri to high order at certain points. 

(iii) Lemma [3.41 concerning the injectivity of the puUback map for cer- 
tain jet differentials is parallel to the constructed polynomial in the 
theory of Gelfond-Schneider-Lang-Bombieri being not identically zero 
due to the assumption of the degree of transcendence of the given func- 
tions. 
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(iv) The use of Nevanlinna's logarithmic derivative lemma and the use 
of logarithms of global meromorphic functions as local coordinates in 
the Schwarz lemma to estimate the contribution from the differentials 
to be of lower order is parallel to the use of the differential equations 
in the theory of Gelfond-Schneider-Lang-Bombieri. 

Such a parallelism between the techniques used in this paper and 
those in theory of Gelfond-Schneider-Lang-Bombieri lends support to 
the preferability of the approach used in this paper for the hyperbolicity 
problem of hyp ersurf aces. 

0.11. Notations and Terminology. 

For r > we use to denote the open unit disk in C of radius r 
centered at the origin. When r = 1, we simply use A to denote Ai 
when there is no confusion. 

For a real number A denote by [AJ the round-down of A which means 
the largest integer < A and denote by [A] be the round-up of A which 
means the smallest integer > A. 

We use [zq, - ■ ■ , z^ to denote the homogeneous coordinates of P„ and 
we use (xi, ■ ■ ■ , Xn) to denote the inhomogeneous coordinates of P„ with 
Xj = ^ for 1 < j < n. Sometimes we also go to the inhomogeneous 
coordinates by fixing = 1 in the homogeneous coordinates when 
notationally it is more advantageous to do so. 

Denote by N the set of all positive integers. For an (n -|- l)-tuple 
z/ G (N U {0})""''^ of nonnegative integers, we write u = {uq, Ui, - ■ ■ , Un) 
and = uq + ui + ■ ■ ■ + Un and let 



For < p < n, let denote the unit vector in C"'''^ such that all 
components are zero except that the component in the p-th place is 
1. We use 5^^^ to denote the Kronecker delta for the indices i^, /i G 
(N U {0})"''''^, which assumes the value 1 for = /i and assumes the 
value when v ^ ^i. 

If from the context there is no risk of confusion, we use to denote 
(''n") ^ 1 so that Pat is the moduli space for all hypersurface of degree 5, 
without further explicit mention. The homogeneous coordinates of Pjv 
will be denoted by a = ,v^y^j^...j^y^^^- The hypersurface defined 




'n 



by 





a, 




■ ■ ■ z 



'n 



!^0+i^lH \-Un=S 
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is denoted by X^"^ For notational simplicity, sometimes the super- 
script (a) in /^"^ and X^") is dropped when there is no risk of confu- 
sion. Also sometimes we simply use /'•"^ (xi, ■ ■ ■ , x„) or / (xi, ■ ■ ■ , Xn) 
to mean ^/*^"^ (2:0, ■ ■ ■ , Zn) when the context makes it clear what is 
being meant. This notational simplification by dropping superscript 
(a) applies also to other symbols such as replacing Q*-"-* by Q (respec- 
tively o;'-"^ by u) when there is no risk of confusion or replacing Q by 
Q(a) (respectiverly tu by u^"^) when there is a need to keep track of the 
dependence on the parameter a G Pat. 

When we present the main ideas of an argument and refer to high 
vanishing order without explicitly giving a precise number, we mean 
a quantity of the order of 6. In such a situation, when we refer to 
low pole order without explicitly giving a precise number, we mean a 
quantity of the order of (5^"^ for some appropriate < £ < 1. 

The notation at the end of the inequality 

A{r) < B{r) \\ 

means that there exist tq > and a subset of M fl {r > tq} with 
finite Lebesgue measure such that the inequality holds for r > tq and 
not in E. This is the condition needed for the logarithmic derivative 
lemma of Nevanlinna as given at the bottom of p. 51 of [Ne25] . 

For a meromorphic function F on C and c G C U {00} with -F(O) 7^ c 
the counting function is 

7V(r,F,c)= r n(p,F,c)^, 

J p=Q P 

where F, c) is the number of roots of F = c in Ap with multiplicities 
counted. The characteristic function is 

r(r, F) = N{r, F, 00) + / log+ | F (re*^) | dO 

under the assumption that is not a pole of F, where log"*" means the 
maximum of log and 0. 

For a complex manifold Y with a (1, l)-form rj and for a holomorphic 
map if : C ^ Y, the characteristic function of ip with respect to rj is 

T{r,(p,7]) = [ I [ ip*r]]—. 

Jp=0 \JAp J P 

0.12. Twice Integration of Laplacian in Nevanlinna Theory. 
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The technique of twice integrating the Laplacian of a function intro- 
duced by Nevanhnnna for his theory of value distribution will be used 
a number of times in this paper. We put it down here for reference 
later. For any smooth function g{C), from the divergence theorem 

and A = 45^^^ it follows that 




Je=o Je=o 
0.13. Function Associated to Fullback of Jet Differential to Fart of 
Complex Line. 

Let a; be a holomorphic k-]et differential on a complex manifold Y 
of complex dimension n and be a holomorphic map from an open 
subset ?7 of C (with coordinate C) to Y. The map (p induces a map 
Jk,<p from the space JkiU) of /c-jets on U to the space Jk{Y) of /c-jets 
on y, which sends a A;-jet rj on U at Co represented by a parametrized 
complex curve germ 7 : A — [/ with 7(0) = to the A;-jet represented 
by the parametrized complex curve germ 99 o 7 : A — )■ 1" at f{Co)- The 
puUback of a; by means the holomorphic A;-jet differential on U 
whose value at a /c-jet rj oiU at Co is the value of oj at the k-]et ip {i]) 
of4(r)at(/.(Co). 

The crucial tool in the study of the hyperbolicity problem is the re- 
sult, usually referred to as the Schwarz lemma, of the vanishing of the 
puUback of a holomorphic jet differential on a compact complex mani- 
fold vanishing on an ample divisor by a holomorphic map from C. Its 
proof, by Bloch's technique of using the logarithmic derivative lemma 
of Nevanlinna (p. 51 of |Ne25] ) with logarithms of global meromorphic 
functions as local coordinates, first shows the vanishing of a function 
associated to the pullback of the jet differential and then obtains the 
vanishing of the pullback of the jet differential by composing the map 
from C with appropriate holomorphic maps C — ?■ C. 

In the later part of this article, when the analogues of the Big Picard 
Theorem are introduced for generic hypersurfaces X of high degree to 
extend holomorphic maps from C — A^q X to holomorphic maps 
from C U {c>o} — A^^ — )■ X, appropriate holomorphic maps C — A^o 
to itself are unavailable for proof the full Schwarz lemma. Instead 
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only the vanishing of the function associated to the pullback of the 
jet differential can be obtained. We now introduce a notation for this 
function. The function on U, denoted by evaljrfj,((/9*aj), at the point Co is 
the value of the ^-jet ip*u evaluated at the k-jet of U at Co represented 
by the parametrized curve defined by the identity map of C. In other 
words, the value of evalidf,{(p*oj) at Co ^ ^ is the value of u at the k-iet 
on Y represented by the parametized complex curve germ ip : U ^ Y 
at (/?(Co). 

When for some local coordinates yi, - ■ ■ ,yn of Y the k-iet differential 
u is written as 

^ ^<j<n, l<e<k 

where u = {^e,j)i<j<n,i<e<k- "^^^ function evalidc{'f*oj) at C e U is 
given by 

where ip is represented by {tpi, ■ ■ ■ , tpn) with respect to the local coor- 
dinates yi, - ■ ■ ,yn of Y, so that if yj is locally equal to log Fj for some 
global meromorphic function Fj on Y (for 1 < J < n), the logarith- 
mic derivative lemma of Nevanlinna (p. 51 of jNe25j ) can be applied to 

iiMO = w\ogFMO)- 

1. Approach of Vector Fields and Lie Derivatives 

1.1. Moduli Space of Hypersurfaces. 

The moduli space of all hypersurfaces of degree 6 in P„ is the same as 
the complex projective space P^v of complex dimension = ('^^") — 1. 
The defining equation for the universal hypersurface A' in P„ x P^v is 

/ = ^ a^z". 

!/e(Nu{o})"+i 

The number of indices G (N U {0})"'*'"'^ with |z/| = 5 is {^^"') = N + 1. 
For a e Ptv we use X^") to denote A" n (P„ x {a}). 

Lemma 1.2. X is a nonsingular hypersurface o/P„ x P^r of bidegree 
(5,1). 

Proof. Take an arbitrary point {y, a) of X with y G P„, and a G Pat. 
Choose a homogeneous coordinate system [zq, 2:1, ■ ■ ■ , of P„ so that 
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y is given by [zq, ^i, • " " > -^n] = [1, 0, ■ ■ ■ , 0]. In other words, y is the 
origin in the inhomogeneous coordinate system 



\X\ , • • • , Xf^ 



■> ) ' ' ' 5 

Zq Zq Zq 



associated to the homogeneous coordinate system [zq,zi, - ■ ■ ,z^. 

The hypersurface in P„ x P^v is nonsingular if and only if its 
puUback X to (C^"*^^ — 0) x (C""*^^ — 0) is nonsingular, because locally 
at points of X the puUback X is simply equal to the product of X with 
(C-0) X (C-0). 

To determine whether X is nonsingular, we differentiate the defining 
function 

/ ~ ^ ] OluQ,--- ,UnZQ° ■ ■ ■ Z^ 

V0-\ \-Un=5 

with respect to each and each Zj and evaluate the results 

at ^0 = 1, -Zi = ■ ■ ■ = Zn = to see whether we get a nonzero 
((A^ + 1) + (n + l))-vector. We choose i^o = 6, ui = ■ ■ ■ = fn = ^ 
and get 

' ■/! 



dasn. 



,0 



I 20 = 1,21 = 



and conclude that the ((A^ + 1) + (n + l))-vector is nonzero. Thus X 
is nonsingular at every point (y, a) G P„ x P^v which belongs to X. □ 

Remark 1.3. Though X is nonsingular at every point {y, a) G P^ x P^v 
which belongs to X, the hypersurface X^°'^ in P^ which corresponds to 
a and is equal to A" fl (P„ x {a}) may have singularities. 

Lemma 1.4. Let i be a positive integer and let L be a homogeneous 
polynomial of degree £ in the variables {au}\u\=5- Let < p q < n 
and i^, /i G (NU {0})"''''^ such that u + Cq = fi + Cq. Then the Cp„(l) x 
Op^(£ — 1) -valued global holomorphic vector field 



L I Zq 



d \ f d 



day J \ da^j, 
on P„ X Pat is tangential to X . 
Proof. The expression 
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is a Cp„(l) X Op^{i — l)-valued global holomorphic vector field on 
P„ X P^, because the tangent bundle of P^v is generated by global 
holomorphic vector fields of the form 



\fi\ = \u\=5 

with A^ i, G C. 

The hypersurface X is defined by / = J2\,y\=5^v'^'^ ■ From 

and + Cg = /i + Cp it follows that 

Hence the Op„(l) x Op^(^ — l)-valued global holomorphic vector field 



day J \ dttfj, 

on P„ X Ptv is tangential to the hypersurface A" of P„ x P^ □ 

Remark 1.5. The use of L is to make sure that we have a line-bundle- 
valued global holomorphic tangent vector field on P„ x P^r. We will 
only use the case i = 1. 

Lemma 1.6. For any global holomorphic vector field ^ on P„ there 
exists a global holomorphic vector field ^ on P„ x P^v such that 

(i) ^ is tangential to X , and 

(ii) ^ is projected to ^ under the natural projection from P„ x P^v onto 
the second factor P„. 

Proof. Consider the Euler sequence 



where 

/ n n n \ n q 



j=0 j=0 j=0 / j,k=0 

0(1) = {Zo,--- ,Zn). 

Since H^{Fn,Op^) vanishes, it follows from the exact co homology se- 
quence of the Euler sequence that ^ is of the form k=o'^j,k^j'^ 
some complex numbers aj^k- 
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For < j, k < n with j ^ k we define 

fc : (N U {0})"+' ^ (N U {0})"+' 

as follows. For G (N U {0})""^^ we set 

= z/, \fi^j,k, 

i^jA^))j = i^j- - 1, 
($j-fc(i/))^ = i^fc + 1. 

For {a^}^g(]^LJ{o})"+i define 



/^i. = - ^ ,(^)aj-fe(z/fe + 1) - ^ 

0<j,k<n,jj^k j=0 

Then for / = Xl|i/|=<5 '^i^-^^'^' '^^ have 

\i,fc=0 ^/ |i/|=5 

The verification is as follows. Since 



0^1/0,1/1, ■■■ 



it follows that 

dzk 



Vi,fe=0 



^0 ■ ■ ■ '^k+l ' ' ' 



j,fc=0 |!/|=5 

So, the term on the right-hand side of fll.6[ l) when j = k is 

This means that the net effect is multiplication by uj when j = k. The 
contribution to the term on the right-hand side of (11.61 1) with j ^ k is 

^jkl^k^uti,v±, -- Mn'^O ■ ■ ■ -^j ■ ■ ■ ^fc-l ^k '^k+1 ■ ■ ■ • 

We now change the dummy indices uj and Uk to look at the coefficient 
of the monomial 

-^0 ^1 ■ ■ ■ • 

We change the dummy index i/j to uj — 1 and change the dummy index 
i^k to z/fc + 1 to get 
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This concludes the verification. 
It now suffices to set 



j,k=Q " \u\=5 



Lemma 1.7. T;^ ® (9p„(l) globally generated. 



□ 



Proof. Take an arbitrary point (^/, a) of A* with y G P„, and a G Pat. 
Again choose a homogeneous coordinate system [zq, ^i, ■ " " ) Zn\ of Pn 
so that y is given by [^o, zi, - ■ ■ ,Zr\ = [1, 0, ■ ■ ■ ,0]. We choose a ho- 
mogeneous linear polynomial L of the variables such that 
L(.)^0. 

It is equivalent to look at the tangent bundle of the pullback X of 
X C (C"+^ - 0) X (C^+i - 0) under the natural projection (C"+^ - 0) x 
(C^+i - 0) ^ P„, X P^v- Take u with Up > for some 1 < p < n. Then 
there exists a unique /i G (N U {0})'*'^^ such that u + cq = + ep. At 
{y, a) the value of 

d \ f d 



^0 ^— - 



day J \da 



is equal to L{s) i^'^^r) ■ Thus we conclude that the global holomor- 

phic sections of Tx x Op^(l) generate for v ^ (5, O,--- ,0). By 
Lemma [1.61 the global holomorphic sections of Tx x Of^{l) also gen- 
erate ^ for < j < n. We thus conclude that global holomorphic 
sections of Tx x Cp„(l) generate a codimension 1 vector subspace of the 
tangent space of Pn x Ptv at Since X is nonsingular at 

it follows that global holomorphic sections of Tx ® 0p„(l) generate 
Tx®0^„{l). □ 

Lemma 1.8. Let q he a nonnegative integer. Global holomorphic sec- 
tions of Tx <8> Op^i^q + 1) ® Op^{q) generate all of its q-jets of X . 

Proof. Global holomorphic section of Op^ (g) ® Op^ (q) generate all of 
its g-jets. Thus we can use the product of a global holomorphic section 
of Op^{q) Cg> Op^{q) and a global holomorphic section of Tx ® Op„(l) 
to generate any prescribed g-jet of X. □ 



1.9. Lie Derivatives 
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Let X be a complex manifold and be a holomorphic vector field 
on X. Let 9?^ ^ be a 1-parameter local biholomorphism defined by the 
vector field ^ so that 

t=o 

for any local holomorphic function g on X. For any /c-jet differential u 
on X, we define the Lie derivative Cie^^uj) of u with respect to ^ by 

d 



t=o 



Since 



t=o 

UJ - 

d_ 
di 



doj) = lim - (y?^ ^du — du) 



t=o 



it follows that 

d {Cie^{u)) = Cie^ (du) . 

Let ?7 be a holomorphic ^-jet differential on X. The Leibniz product 
formula holds for the Lie derivatives of the product of u and rj so that 

Let {wi^ ■ ■ ■ , Wn) be a local coordinate system of X. Fix some 1 < i < 
n. If a; = d^Wt and ^ = ^^=1 9ji.^)\ 



a 

' dwi 



then 



Cie^iu) = d^ {^^9j{w) 



d 



Wi = d^gi{w). 



Lemma 1.10. Let k he a positive integer. Let X he a complex manifold 
and D he a complex hypersurface in X . Let u he a holomorphic k-jet 
differential on X which vanishes at points of D to order p. Let ^ he a 
meromorphic vector field on X whose only possihle poles are those of 
order at most q at D. If p > q + k, then Cie^{oj) is a holomorphic k-jet 
differential on X which vanishes at points of D to order p — {q + k). 

Proof. Locally we can write 



UJ 



[w 



Al,l, 



,Afc.„>0 



n ii'^'^t- 

l<e<k,l<j<n 



with hx^ 



■ iAl,n,--- ,Afc 



.f.^i'w) vanishing at points of D to order p. 
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Locally we can write ^ = J2]=i9ji'^)^;r ^^^^ ^^e pole order of gj 
at most q at D. When we apply Cie^, by the Leibniz product rule we 
apply it only to one factor of each term separately and sum up. When 
it is applied to /iAi,i, -,Ai,„,-,Afe,i,-,Afc,„, we end up with 

" d 

j=l J 

which vanishes at points of D to order p — {q + 1) > p — {q + k). 
Since the pole order of d^gj is at most q + £ at D, when it is applied 
to d^Wj and then multiplied by /iAi.i,---,Ai.„,- -,Afc i,- -,Afc we end up with 
^Ai,i,- -,Ai.,i,---,Afc i,- -,Afc „c^^fl'j which vanishes at points of D to order p — 
iq + ej>p-(q + k). □ 



2. Construction of Slanted Vector Fields for Jet Space 

2.1. Binary Trees of Indices. 

For a convenient description of vector fields on the total space of 
A;-jets, we introduce now the binary trees of indices. A binary tree of 
indices of order k, which we denote by p(^\ is a collection 



Pr 



1,72, ••• ,7j 



1 < i < ^5 each of 7i, ■ ■ ■ , 7j = 0, 1 



of indices, where each P7i,72,---,7j is an integer satisfying < P7i,72,---,7j < 
n. We will use the interpretation of this collection of indices as a tree 
as follows. The binary tree starts with two nodes po,Pi at its root 
and each of these two notes Po,pi branches out into a pair of nodes. 
On top of the node po there are two nodes po,o and po,i- On top of 
the node pi there are two nodes pi^Q and pi^i. Each of the four nodes 
Po,OiPo,iyPi,OiPi,i again branches out into a pair of nodes. On top of 
the node ^71,72 (71 = 0, 1; 72 = 0, 1) there are two nodes ^71,72,0 and 
P7j_72,i. At the j-th branching into a pair of two nodes for each node, 
we have two nodes 

P-yi,j2,--- ,7j,0! P7i,72,--- ,7j,l 

on top of the node p^^^^-y^^... for 

71 = 0,1; 72 = 0,1; ■■■,7, = 0,1. 
At the top the tree, after the {k — l)-th branching we have the notes 

P7i,72,-,7fc (71 = 0, 1; 72 = 0, 1; ■ ■ ■ ,7fc = 0, 1) . 
We will use the convention that the binary tree, as a collection of 
indices, will be denoted by a lower case Gothic letter and its indices 
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are denoted by the corresponding lower case Latin letter. When k = 0, 
we use the convention that p^'^^ is just the empty set. 

We now introduce the truncation of a binary tree of order k to form 
a binary subtree of order k — j. We denote by pC^'^i'^'^'^j) the binary 
tree 



Pli,l2,--- ,7j.7j+l.--- .7i 



j + I < i < k, each of 7j+i, ■ ■ ■ , 7i = 0, 1 



of order k — j. We call pC^'T'i'^'-^'j) the truncation of p*-'^-' at its node 

In this paper we work only with the following special kind of binary 
trees. A binary tree p*-*^-* of order k is said to have level-wise homoge- 
neous branches if for every 1 < j < I and for any pairs 

(71, 72, ■ ■ ■ , 7j) and (71, , 7^) 

of j-tuples of O's and I's, the two truncations 

p{fc;7i,72,--- ,7j)^ p{'=;7i,72,---,7i) 

of p'^'^) are identical binary trees of order k — j. 
Lemma 2.2. Let 

= d' log Zj (z > 1, 0<j<n) 

and 

Let f = '^j^ a^z'^ be a polynomial of homogeneous degree 6. Let = 1 

and inductively for k >0, 

(IZ211)fe+i 

/ \ n k a<f,i^) 



J=0 / £=0 i=l 



Then 



m2) d'^f = J2^'^'^l'H^^'^^---^^^'^) 



z\ 



where for the differentiation is regarded as a constant and $1^^ is of 
homogeneous weight k when is given the weight j and is independent 
of {zq, ■ ■ ■ , Zn)- Moreover, the coefficients of $1'^^ in ^'^^\ ■ ■ ■ , ^^^^ are 
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polynomials in v = (z/q, ■ ■ ■ , Vn) of degree at most k with universal 
coefficients. As a polynomial m z/ = (z/q, ■ ■ ■ , the degree of 



.£=0 



is at most k — 1. 



Proof. To prove the Lemma, we define $1*^^ by ([2212) and verify 
and fl2.2[ l)t.+i for k > 1. The verification is as follows. Clearly, 

n 
£=0 

and is homogeneous of weight 1. To verify ( 12.2[ 2) when k is replaced 
by A; + 1, we apply d to both sides of fl2.2[ 2). The effect of applying d 

to z" is to replace the factor z'^ by $1^^ which is Yl^=o ^i^^f' ■ The effect 

of applying d to the other factor ■ ■ ■ , ^^^^^ is 



-(i+l) 



5Z i 

£=0 i=i ^<ie 

by the chain rule. We now consider the question of weights and ho- 
mogeneous degrees. For k > 1 the first term on the right-hand side of 
fl2.2[ l)t._|_i is the product of the factors ^l^^^^^ which are respectively 
homogeneous of weights 1 and k by induction hypothesis. The second 
term on the right-hand side of ([2?2ll)fc+i is the sum of a product of two 
factors 

which are respectively homogeneous of weights i + 1 and k — i hj in- 
duction hypothesis. This finishes the verification of (12. 2[ 1)^,4,1 and the 
homogeneity of ^^u~^^^ of weight A; + 1. From (I2.21 1)^_|_i it is clear by 
induction on k that the coefficients of ^i,'^^ in ■ ■ ■ , ^'^'^'^ are polyno- 
mials in z/ of degree at most k with universal coefficients. 



Finally, in (I2.2[ l)i,+i the term 



e=o 1=1 ^<ie 

on the right-hand side as a polynomial in u is of degree no higher than 
that of ^l^^ which is no higher than k. Thus for the induction process 
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of going from Step k to Step /c + 1, if the degree of 

is at most k — 1 in ly = (z/q, ■ ■ ■ , i^n), then by fl2.2[ l)t~+i the degree of 

fc+i 

<|,(fc+i) ' ■ 




is at most k in u = {uq, ■ ■ ■ , □ 

2.3. Construction by Induction. 

Let p^^-* be a binary tree of indices of order k. We denote by A'-'^^ 
a muhi-index of n + 1 components with total degree 6 — k. For 1 < 
j < k and for the choice of each 71 , ■ ■ ■ , 7^ being or 1 , we denote by 
_\(fc;7i>- -,7j) ^Jie multi-index 

i=l 

with total degree | A'^'^''^^''"''^-'^ | = S — k + j. Recall that e^^^ ... ^_ is 
the index of n + 1 components whose only nonzero component is the 
]?^i^...^^--th component which is 1. 

For < A; < n — 1, for any multi-index A^'^^ of n + 1 components with 
total degree S — k, and for any binary tree p^''^ of order k which has 
level-wise homogeneous branches, we are going to explicitly construct 
by induction on k, 

such that 

(1) ^^{l) p(fc) is a rational function of the entries of A^'^^ and ^jf^ with q 
equal to some P7i,72,- - ,7* ior 1 < i < k, 

(2) 0^^1) is a meromorphic vector field on the parameter space with 
coordinates (for multi-indices of n + 1 components of total degree 
6) which is a linear combination of (for \u\ =5) whose coefficients 
are rational functions of 

zo,--- ,zn, (1 <i<A;, 0<£<n) 

and which satisfies 

©iwy^) {d'f) =0 for < J < A; - 1, 
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0iV)(^'/)=^''''^A(i).« iork<j<n-l. 



(k) 

Here we regard as a vector field on the space with variables 



for |z/| = (5 while the variables zo, - ' ' i^n and ^ j ^ k, < i < n) 

(k) 

are regarded as constants. It is the same as regarding 6^(1) ^(k) as a 
vector field on the space with variables a^, for = 5 and the variables 
Zq, - ■ ■ , Zn and ^P (1 < i < ^, < £ < n) when the coefficients for ^ 
and for — ^ are all for l<j<k,0<i<n. The construction is as 
follows. 

For A; = with the convention that p^^^ is the empty set, we simply 
set 

0(0) _ 9 

and 

for < j < n — 1. It is clear that ^^{o) p(o) is of homogeneous weight j 

in ^P (1 < ^ < i, < t < and is independent of {zq, ■ ■ ■ , Zn) and is 
a polynomial in the n + 1 components of A^''^ of degree < j. Moreover, 
it follows from / = a^z^ and the definition of that 

(12312) 0a,(o,K/)=^^'"'*s,,(o, 

for < j < n — 1. Suppose the construction has been done for the step 
k and we are going to construct for the step /c + 1. Define 

_ '^A(*+l;P0),p('=+l;P0) '^;)^(fc + l;pi) p(fe+l;pi) 



A(fc+l)^p(fc+l) (fc) (fc) 



and 



A(fc+i),p(fe+i) (fc) (fe) 



2313) ^ 

II, ^ 

■ A('=+i'Po),p('=+i;po) ^ A('=+i'Pi),p('=+i'Pi) 

for i > A; + 1. 

Lemma 2.4. For any integer k with < k < 6 the following two 
identities hold. 

0iw,pw (^'/) = forO<j<fc-l, 
0S,p«(^V)=^^'^'*gl,,p(., forfc<j<n. 
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Proof. We prove by induction on A; > 0. Since the positive integer 6 
is fixed once for all, the induction on /c > is the same as descending 
induction on the total degree 6 — k oi \^^\ In the case A; = the 
statement is simply (12.31 2) . To go from Step k to Step k + 1, we have 

egSj^p,,^,, (d^f) =0 for < J < - 1, 

because 

0S),p(^) (^V) =0 for < J < - 1 

and 



e 

We have 
because 



(fc+l) ^ \(k+l:Po) p{k+l;po) ^A(''+l'>Pl),p(''+l'Pl) 



A(fc + l),p(fc + l) (fe) (fe) 

^Po ^A(fc+i'Po),p(fc+iiPo) Pi ^A('--+iiPi),p(''-+iiPi) 



Q(fc+i) / -fc f"! - 

^A(fc+i),p(fc+i) i." J ^ ~ ^' 
Q(fc+1) I' ,fc 

^ \(k + i;P0) ^p(.k + l;P0) \^ J J ^ X(k + l;pi) ^p(k + l;pi) J J 



■po ^ A('^+i;TO),p(fe+i;po) Pi A('=+l'Pl),p('=+l;Pl) 

A(fc+i;Po),p('=+i.Po) ^A('=+i;Pl),p('^+i;Pl) 



^Po^A('=+iiPo),p(fe+iiPo) ^Pi ^A('=+iiPi),p('=+i'Pi) 



Moreover, for k + l<j<n — 1, 



^A('=+i),p(fe+i) \ J ) 

^ X(k+l;pQ) ^p(k + l;pf^) ^ Xik+l]Pl) ^p{k+l]Pi) 



Po ^ A('=+i'Po),p(fc+i;po) Pi \ik+i;pi) ^p{k+i;pi) 

U) ^A(''+i^Pi)v|>(j) 
A(fc+i;P())^p(fc+i,P0) ^ ^A('^+i;Pi),p('^+i;Pi) 



^PO^ X(k+l;po) ^p(k+l:Po) ^Pl ^A('= + l!Pl),p('=+l'Pl) 

/ ^(i) ^0) 

A('=+1) / X(k + l;po) ^p(k + l,po) ^;)^(fe + l;pi)^p(fc + l;pi) 



z 



^ X(k+i;Po) ^p(k+i;Po) ^A(*+i;Pi),p('"+i^Pi) 
^A('=+i),p('=+i) ■ 



□ 
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Lemma 2.5. For k < j < n — 1 the function p(fc) is homogeneous 

of weight j — k + 1 in the variables ^f"* (0 < q < n, 1 < £ < n) when 
is assigned the weight I. Moreover, for k < j < n, as a function 
of the n + 1 components of the multi-index A*-'"'-', the function ^'^"'{i) ^(k) 
is a polynomial of degree at most j — k. In particular, ^E'^'^i) ^(^k) 
independent of the multi-index X^'''^ and 



0) ^ 1 



^(i) _ ^(i) 



Proof. We prove the Lemma by induction onO<A;<ri— 1. 

First we look at the weight of "^^^(k) ^(k) ^'^'^ show that ^^k) is 

homogeneous of weight j — A; + 1 in the variables ^q^^ (0 < g < ri, 1 < 
i < n). Again, since the positive integer 6 is fixed once for all, the 
induction onO<A;<r7, — lis the same as the descending induction on 
the total degree S — k of X^''\ For k = the conclusion clearly follows 
from (12.31 1). The derivation of Step A; + 1 from Step k simply follows 



from (12.31 3). because, for 71 = 0, 1, with the weight of ^^^"'(l+i 
being j - k and the weight of '^'■^L,,„^.,k+i;p-„) being 1, the weight 



;^(fc+i;P7i ) ^p{fe+i;P7i ) 

^{fc+l;p^j )^p(fe + l;p^-^ ) 

v|>(i) 

^_;^(fe+l;P7i)^p(fc + l;P7l) 

is equal to j — {k + 1). 

Now we show that is a polynomial of degree no more than 

j — A; in the n + 1 components of A*^'^-' . Again for k = the conclusion 
clearly follows from (12. 31 1). For the derivation of Step A; + 1 from Step 
k, since the total degree of A^^^+^^'^^i^ is 5 — (A; + 1) — 1 = 6 — k, it 
follows from Step k that ^l/^^l+i.p^^, ^(k+up^^) is a polynomial of degree no 

more than zero in the n + 1 components of A'-'^+^'^^i^ and is therefore 
independent of A*^'^"''^'^^!^ for 71 = 0, 1. Since the binary tree p('^+^) is 
assumed to have level-wise homogeneous branches (see the paragraph 
preceding Lemma (l2.2l) ). it follows that the two truncations p^'^'+i''^) and 
g^j^g identical binary trees and 

^ \(.k + l;P0) ^p(k + l;po) ^ X(k + l;pi) ^p(k + l;pi) ■ 
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Hence by (lOl.S). 



^0) ^U) 

(j) ^ \(.k+l;Po) ^p(k + l:p(,) ^ \{k + l;p-^) ^p(k + l;pi) 



1 



A('=+iiPo),p('=+iiPo) 



^(i) _ ^U) 



By induction assumption ^'^'^l+i;po) p(fe+i;po) is a polynomial in the n + 1 
components of the multi-index X^'^+^'Po) of degree j — k and ^JJ^+hpi) (fc+nPi) 
is a polynomial of the n + 1 components of the multi-index A*-^"*"^'^^^ of 
degree at most j — k. Now 

which means that the multi-index A'-'^"^^'^"-' is a translate of the multi- 
index A^'^^^'^^-' by the multi-index — and is independent of the 
n + 1 components of the multi-index A^^"*"^-*. Thus the difference 

A('=+i'Po),p('=+iiPo) ^A(''+iiPi),p('=+i'Pi) 

is a polynomial of the n + 1 components of the multi-index A^'^"^^-' of 
degree at most j — k — 1. The last statement follows from Lemma [2.41 

□ 

Lemma 2.6. // A^*^) is a multi-index of n + 1 components with total 
degree 5 — k and p'^'^-' is any binary tree of order k which has level-wise 
homogeneous branching, then 

^A(fc),p(fe) ~ y^vo ^Pi ) ' 

where the nodes of p'^^^ are denoted by p^y-^^... with 1 < j < k and each 
'je taking on the value or 1 for 1 < i < j ■ As a consequence, 



^(i) 



AW.pC') / (1) _ 



X(k:po) ^p(k:pQ) ^ )^^(k:pi) ^p(k:pi) 



Proof. First we make the following simple observation. Let G {I'o, - ■ ■ , Vn) 
be a polynomial in i^Oj ■ ' ' i of degree no more than M. For any p ^ q 
define 

(Ap^gG) (z/Q, ■ ■ ■ , i/„) = G (z/Q, ■ ■ ■ , i^p-i, + 1, i^p+i, ■ ■ ■ ,^n) 

-G (Z/Q, ■ ■ ■ , Vq-l, Ug + 1, ■ ■ ■ ,iyn) . 

Then (Ap^G) (z/q, ■ ■ ■ , i^n) is a polynomial in fo, - ■ ■ , t'n of degree no 
more than M — 1, because we can write 
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= [G (z/Q, ■ ■ ■ , Pp-i, t'p + 1, Vp+i, ■■■ , z/„) - G (z/Q, ■ ■ ■ , ^n)] 

- [G (Z^o, ■ ■ ■ , ^q~l, + 1, ■ ■ ■ , Z^n) - G (Z^o, ■ ■ ■ , i^n)] 

and clearly each of the two terms 

G (z/Q, ■ ■ ■ , T^p-l, t'p + 1, 2^p+i, ■ ■ ■ , z/„) - G (z/Q, ■ ■ ■ , I^n) 

and 

G (z/Q, ■ ■ ■ , i^g-l, + 1, " " " , Z^n) - G (z^o, ■■ " , '^n) 

IS cL cL polynomial in z^o, ■ ' ' i of degree no more than M — 1. As a 
consequence, 

(EDl) if 
then 

is of degree zero in z/q, ■ ■ ■ , t'n and A^^ ■ ■ ■ A^^^^ .,j^^^G is identically 
zero for any polynomial G {i/q, - ■ ■ , z/„) in uq, - ■ ■ , z^^i of degree no more 
than A^. 

Let Tj = p-yi,... ,7^_i,o and Sj = p-yi,... ,'yj_i,i. Since the binary tree p'^'^^ 
of order k has level-wise homogeneous branches, the values of rj = 
P-yi,- ,'yj_i,o and Sj = are independent of the choices of the 

values or 1 for 7i,-- - ,7j-i- Let p^''~^^ = pC^^Ti.--- .7j-i)_ Again we 
know that p^'^"-') is independent of the choices of the values or 1 
for 7i, ■ ■ ■ ,7j-i because the binary tree p*-'^^ of order k has level- wise 
homogeneous branches. By the last statement of Lemma 12. 5[ we have 



m2) v^Si),,., = 



^0) _ ^0) 



^p(k-l) 



A(*=;Po),p(fe-i) ^ A('^'Pi),p(*-i) 



for any multi-index A*-'^-' of n + 1 components and total degree 5 — 
k. Here, because of the independence of ^^^^p^) p(fe;po) of the n + 1 
components of the multi-index A^'^'^"-* by Lemma 12. 5[ we drop X^'''P°^ 
from the subscript of "^^-^l ^^(k:po) and simply write ^^JJ^J^ pffc^p^) as 



^%pI From 



■ A(0),p(o) ~ "^ATO 
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in the formula fl2.3[ l) and from (12.61 2) it follows that 



(i) 

p(l) 



(0) 



for any A*^'^-' of n + 1 components and total degree 6 — k, because the 
total degree of the multi-index xC^'^i-'"' '^^-i) [s S — 1, which corresponds 
to the siutation of A; = 1 in fl2.6[ 2). Inductively for 1 < ^ < A; we are 
going to verify that 



(1^3) 



p(0) ^p(«-i) 



A ...A $(■'■) 

(£-1) rk-e+i,sk-e+i ^'rk,sk^y 



for any A'^'^-' of n + 1 components and total degree S — k. To go from 
Step i to Step ^ + 1, by (^2) we have 



(i) 



1 



(i) 



- ^ 



(i) 



(^) 
o(«) 



(^) 



(0) 
p(0) 

1 



^(i) _ ^iJ) 

;^(.fe;Tl,■■■ ,7fc_£_l,0j^p(£) ;^(fe;71,--- ,7fc_ 



A ■ ■ ■ A 

'-^rk-e+i,Sk-e+i ^rk,Sk^v 



-1.1) ,pw} 
-1-1) ,pw} 



^p(o) 



A ... A 

pC^-i) 

1 



■ ■ ■ ^ 



A ... A 



^^;^(fci7l.---,7fc_f) 



L^p(o) ^p(<) 

This finishes the verification of fl2.6[ 3) by induction. Setting i = j = k 
in (EH 3) yields 



(fc) 
p(fe) 



1 



L^p(o) ^p(fc-i) 



A ... A cbW 

(fc_l) ^ri.Sl ^r-fc,Sfe^jy 



=A('=) 



for any A^^-* of n + 1 components and total degree 6 — k. We rewrite it 

as 

(12114) A.,., ■ ■ • A.,,.,$W = ^S),p(i)^?i,p(.) ■ ■ ■ ^S),p(.) 
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(k) 

when is regarded as a polynomial in the n + 1 components of u. 
Note that by (ESl) the left-hand side 

A ...A cbW 

(k) 

is independent of the value of v because the degree of as a poly- 
nomial in u is no more than k. 

Since by Lemma A as a polynomial in z/i , ■ ■ ■ , z/^ the degree of 



k 



\e=o 

is at most /c — 1, it follows from fl2.6[ l) that 
An,.. ■■■A.,,., ^$1'^- 

and 



(1) 

£=0 



n 



A,-!,,! ■ ■ ■ A^^,,^ [ ^ z/^^J^^ j - *ia),p(i)*i?2)_p(2) ■ ■ ■ *iw,pw 



We have 



.(1) 

k 

. £=0 / V £=0 



Now for J > 1, 



(1) 

j=0 \£=0 / \£=0 



fc-1 



E-'^^+sJP E - E e 

^£=0 / \l=0 / \£=0 / 

E + «ff I j (E ™ + - (E + i 
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X 



I £=0 \e=o / \£=o 

is a polynomial of degree no more than A; — 2 in the n + 1 components 
of u. Since 

,^=0 / \^=0 



£=0 \f=0 / \i=0 

is a polynomial of degree no more than A; — 2 in the n + 1 components 
of u, it follows that 

e=o J \ i=o 

a poljTiomial of degree no more than A; — 2 in the n + 1 components of 
i> and 

{/ n \ ^ / n \ ■ 

is zero. By induction on k, we conclude that 

£=0 / £=1 

and 

A.,,,...A.,,,$(^) = fc!n(e-e(;)). 

£=1 

It follows from ([2H4) that 

»5) . . . = H n - d,") . 

1=1 

Finally ([MS) yields 

by induction on k for any multi-index A'-'^^ of n + 1 components with 
total degree 5 — k and for any binary tree p^^-* of order k which has 
level-wise homogeneous branching. □ 
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Remark 2.7. The reason for explicitly computing the function '^\(k) p(k) 

(k) 

is to determine the pole set of the vector field ©^(1) ^(k) ■ 
Lemma 2.8. (a) The function 



k-l 



^(i) TT (Ai) _ 



is of homogeneous weight j in ^f^ A < ^ < i, < t < and is 
independent of {zq, ■ ■ ■ , Zn) and is a polynomial in the n + 1 components 
of X^''^ of degree < j. 

(b ) The vector field 



i=l 



is a polynomial in zq, ■ ■ ■ , Zn of degree < k and is independent of Q 
(l<i<n — l,0<t<n). Moreover, the dependence of ©^{l) p{*:) on 

A*^^) is only through the partial differentiation with respect to with 
depending on \^^\ 



(c) The vector field ©^'(l) „{fc) is equal to 



T-rfe-1 /^(l) _ ^(1) 



^ri,si ■ ■ ■ ^rk,Sk I ^ 



,_d_ 

day 



where A^^ ..^ ■ ■ ■ ^^^^^^ is applied to 



'A 

da. 



as a function of v. 



2.9. Generation of Vector Fields in the Parameter Direction. 

We now look at the special case of Lemma [2.8( c) with k = n, then 



satisfies 



A(")+E"=i(er,+es 



,si ' ' ' Af 



'A 

day 



=A(") 



0(n) 



(d'f) = 

for < j < n — L We fix a point y in X^, where a = We 
can choose homogeneous coordinates in P„ so that 

{zo,zi,--- ,Zn) (y) = (1,0,--- ,0). 
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We choose also si = • • • = = and rj 7^ for 1 < j < n. Then at y 
we end up with 

e(") = ^ 

For the choice of A*^"^-* we can choose any muhi-index of total degree 
6 — n. When we worry about the generation of the vector fields by 
global sections, for differentiations in the direction of the parameters 
a = {a,y}\u\=5 at the origin, we can capture in inhomogeneous coordi- 
nates the differentiation with respect to all coefficients for monomials 
of degree at least n, because we must include Yll=i with 7^ for 
1 < j < n in u which is equal to A*^*^-* + X]r=i • 

2.10. Example of Vector Fields on Jet Spaces of Low Order. 
Let / = ^^Oj^z'". We introduce 

^(1) _ ^ _ 0_ 



Then 



z . 



Proposition 2.11. Let < p ^ q < n and < r ^ s < n. Let n be a 

multi-index of total weight 6 — 2. Then 

1 // 1 d 1 d 



\ ( ( \ d 1 d 



{d'f) = 



forj = 0, 1. 
Proof. We have 



for any A with |A| = 5—1. Choose /i with |/u| = 5 — 2. Apply the above 
equation to A = + and get 

fid Id 



{df) = (ew - z>^^^^ 
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and 



1 



d 



d 



Zr \\Zp ^-\-er+ep Zq (?Ct^_|_e^-(-eg 

Since the right-hand side is independent of r, we can replace r by s 
and take the difference to get 



1 d 



1 d 



1 d 



d 



Zr \ \ Zp (?0^-(_e^-(-ep Zq dcx^j^£^-\.^^ 



(df) = 0. 



□ 



Remark 2.12. We can rewrite the vector field 

d 1 



d 



Zr W Zp So^-i-e^-i-ep Zq Qot^^^^^^^ 



d 



1 d 



Zr W Zp C^ft^+Er+ep Zq (9Q;^-)-e^+eq 



as 



P,9 



where 



Ar,^F(z/) = F {v + Cr) - F {v + Cs 



To illustrate the situation of vector fields on jet spaces of low order, 
we do the case of the next order. 

2 



h 

1 d 



A 



p,<i 
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]__d_ 

da. 



1 d 



0. 



Thus for any multi-index /i of total degree 5 — 3, the vector field 

1 d 



A„,, A,,, Ap,, , 



annihilates f for j = 0, 1, 2, because 



• d 

day 



'_d_ 

da,. 



We can now formulate the case of higher-order jets. 

Proposition 2.13. Let < ^ S£ < n for 1 < i < k. Let be a 

multi-index of total weight S~k. Let Qij.-ri,- - ,rk;si, -- ,3^ denote the vector 
field 

^4a ■■■a ^ 



''"''{z'^da, 



Then ©/x;ri,--- 



[d^f) = forO < J < k-1. 



In the above Proposition the vector field Q^-^n,--- ,rk;si, 
combination of the partial differentiation operators 

d 



is a linear 



da 



M+Er,- H her- +es,. H he, 



for < j < k. The process of generating such vector fields is not in- 
dependent of coordinate transformations from the general linear group 
GL {n + 1, C). Suppose we have the coordinate transformation 



from the element a = (a 
Then 



'3^)o<j,e< 



^ of the general linear group GL {n + 1, C). 



2; = z 



E 



E 



= 5^ Ay^^W^. 

ImI=<5 

Let be the inverse matrix of the matrix 

Write 



\v\=h 



Eft 
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Then 

\u\=5 
^1=5 

When the generation of the vector field in the coordinate system 
(zo, ■ ■ ■ .Zn) gives 



d 

da,, ' 



the procedure apphed to the coordinate system (wq, 

d 



e,, 



a/3. 



When we transform back to the coordinate system (2:0, 

day d 



, Wn) gives 



,Zn), we get 



013^, da^ 



Now We would like to show that when k = n, the dimension of the 
quotient space 




C6 



aGGi(n + l,C);|n|=(5-n; 



I 



is no more than n over C For this we need only show that modulo the 
linear space generated by all such 6a;;i;ri,--- ,r„;si,- - ,s„5 every generator 
can be expressed as a linear combination of n fixed 



d 



da 



[KKn) 



where v^^^ is a multi-index of total weight 5. We use the linear transfor- 
mations defined by a G GL (n + 1, C) simply to make sure that, for any 
given point, we are free to do the checking in an appropriate coordinate 
system which depends on the pointj. 

For the convenience of bookkeeping we let M be an integer > 5 and 
introduce a new weight ||z^||m for any multi-index v of total degree 5 
which is defined as follows. 



W\\m 



£=0 
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We single out the n multi-index u of total degree 5 which has the n 
lowest weight possible, namely, 

5 -l+{n-l- t)M (0<£<n-l). 

These n — 1 multi-indices are 

zyM = (5 _ n - 1 - ^, 0, • ■ ■ , 0) (0 < ^ < n - 1). 

Fix a point Pq in the space J^l\ {X) of vertical (n — l)-jets. Choose a 
coordinate system {zq, - ■ ■ , Zn) so that all the coefficients of 

d 



da 



u+Cr- H he,-- +e„ . H f-e. . 



occurrmg m 

e 

are all nonzero. Then modulo G 



I —A. 



J U=fJ, 

M;ri,-,r-„;ai,-,.„ we cau express 



d 



da 



as a linear combination of 



9 



5q; 



for p < n. Now take any multi-index with total degree 6 which is 
different from any one In other words, 

||i^||a/ >S-n + l + {n- 1)M. 

Then for some 1 < ri , ■ ■ ■ , r„ < n, all the n + 1 components of 



z/ — > e 



are nonnegative. Let 



si = ■ ■ ■ = s„ = 0. 
Then modulo ri, ■ ■ ■ , r^; Si, ■ ■ ■ , s„ we can express 

da^ 
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in terms of 



d 



da 



for p < n with 

/i + er^^ +■■■ + er^^ + es^^ 
We thus conclude that modulo 



M 



< \W\\m- 



ce 



aeGL(n + l,C);|nl=<5- 



the space 



is generated by 



\u\=5 



_d_ 

da. 



d 



d 



^a^,[o] da^ 
and we conclude that the dimension of the quotient space 



d 
day 



ce 



a;/i;ri,--- ,r„;si,--- ,Sn 



1 aeGL(n + l,C);|nl='5- 



/ 



is no more than n over C. Note that the pole order of each of the 
meromorphic vector field 



Oa;^;ri, 



is no more than 2n along the infinity hyperplane of P„. 

Remark 2.14. The reason why in the above argument we fail to get 
generation of all vectors in parameter space is that we can only expect 
to get generation all vectors in parameter space up to codimension n 
for (n — l)-jets. The vector fields have to be tangential to the space 

Jn-i^ i'^) of vertical (n — l)-jets of X which is of codimension n in the 
product 



J„„i (P„) X P. 



N 



of the space J^-i (Pn) of — l)-jets of P„ and the parameter space 



38 



2.15. Generation of Vectors in Vertical Directions 

Now we construct holomorphic vector fields which generate the ver- 
tical directions modulo the horizontal directions. 

d 



d_ 



d 



To unify the notations, we use T to denote any one of 

|z iO<j<n,l<i<n) 



and write 



This means that 



d 



-a,v,^^^ ■ ■ ■ when T = z^ — 



and 



The function "Eu is homogeneous of weight A; — £ and is independent 

of Zq, ■ ■ ■ , Zn- 

(k) 

We also unify the notations for the vector fields Q\(k) and write 
as the vector field with effective low pole order such that 
e(,*=) [d^f] = for < J < A:, 
Qi'^ {d'f) = z\ 
Q^lf) (d'f) = -^(^'^J)^- for j > k. 

This means the following. Choose a binary tree p^*^"^) of order n — 1 
which has level-wise homogeneous branches. Let rj = p-y^,... ,-yj_i,o and 
Sj = ,'yj_i,i for 1 < j < n — 1. Since the binary tree p^^~^') of order 
n—1 has level -wise homogeneous branches, the values of r^- — p^-^^... ^^^^ -^ q 
and Sj = p-yi,...,7^_i,i are independent of the choices of the values or 
1 for 71, ■ ■ ■ ,7j_i and 1 < J < n - 1. Let = p(«-i;7i, - ,7j) for 

1 < i < — 1- We know that p("~^~^) is independent of the choices of 



d 



when T 



_d_ 
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the values or 1 for 71, ■ ■ ■ , 7j and < j < n because the binary tree 
p("--i) of order n — 1 has level-wise homogeneous branches. 

Given any multi-index 1/ oi n + 1 components and total degree 6, we 
choose a multi-index A^""^'' of n+1 components and total degree 6— n+1 
such that aI" < in the sense that the j-th component of A^" < 
is no more than for < j < n. Though the binary tree of 

order n — 1 has level-wise homogeneous branches, yet A^" '^'^ does 
depend on the choices of the values or 1 for 71, ■ ■ ■ , 7j and 1 < j < n. 
The dependence is as follows. If we denote rj by rj Q and Sj = r^ i, then 



By Lemma 



11 



for any multi-index A'-^^ of n + 1 components and total degree 5 — k. 
So we can set 

,, >(n-l-fc) 

^(fc) ^Al"-^-'='^i'-'^^-\pW 

p(k) 
, (n-l-fc) 

^(^.i) = — ^(J) 

^(fc) aL""'"''^!'''''^*',?*^)' 

By Lemma [231 The function 

**''ri(ei;'-ei;') 

is of homogeneous weight j in ^f^^ (l<^<i,0<t<?2) and is a 
polynomial in the variables z^, - ■ ■ ,Znoi degree < n — 1 — k and in the 
n + 1 components of u of degree < j. The vector field 



=1 



is a polynomial in zq, Zn of degree < n — 1 and is independent of 
^t^^ (1 < i < n — 1, < t < n). Moreover, the dependence of 6^{i) p(fe) 
on u is only through the partial differentiation with respect to with 
/i depending on u. 
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To make sure that a modification of T anniliilates /, we modify T 
to T + ^^Si°^ei,°^. To make sure tliat our constructed vector field 
anniliilates df , we use 

\ U / V V 

This means that we have to modify T + si°^Oi°^ to 

V V V 

To go one step further to make sure that our constructed vector field 
annihilates d^/, we use 

= - E s[°^^l°'^^^''-E -i.°^^i°'^^^[.^'^^-2''-E -V ^^t^'^^^''-E 

V V V V 

Thus we have to modify 

V V V 

to 

V V 

, >P ■;^(0)^(0,2)o(2) , ^(0)v|>(0,l)vl>(l,2)p)(2) 

V V 

+E-^'^0^'^ + E-i''^^^''^©^'^ + E-^'^0^'^- 

V V V 

In general, to make sure that we have the annihilation of all f for 
< i < n — 1, we need to write 

r+E E -i"M E E 

V 0<jo<k<n~l \ £=0 ja<---<je<k q=0 / 

The main point is to control the pole order of the vector fields and 
make the pole order bounded and independent of 6. That is the reason 
why we want to remove z" by using the vector fields ©^^1) ^^k)- We now 

count the degree in " " " > and the weight in ^j^^ after we clear the 
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denominators. We need to multiply 



\q=0 



by 



n iKe-a 

q=0 \i=l 



n(e-e) 



i=l 



to get rid of the denominator involving The worst that can occur 



IS 



n-e 



whose weight is 



n(n—l) o' 

^ ^ ' . bmce 



e''n(«i;'-e) 

is of homogeneous weig ht j in (1 < ^ < i, < t < n), it follows 
that the worst situation is that after multiplication by the above factor 
to clear the denominator we end up with a weight of Jo + Ji + ■ ■ ■ + je 
plus the weight of the factor which is no greater than the weight 

n{n — 1) 



Jo + Ji H ^Je + 



< nin — 1 ). 



When it comes to the degree in Zq, - ■ ■ , z^, we have degree 1 from T, 
multiplication by the factor 



to clear the denominator of qI^^ to yield degree < n — 1, and the degree 
of 

no more than n — 1 — k. So after clearing the denominators, we have 
no than 2(r2 — 1) + 1 in degree for T and no more than 

(n - 1 - Jo) + ■ ■ ■ + (n - 1 - jfe) + (n - 1) + 2n 
< n{n - 1) + (n - 1) + 2n < - 1 + 2n 
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for 




Finally we conclude that, after clearing the denominators, we end up 
with weight no more than n{n — 1) in (l<^<i,0<t<n) and 
degree no more than -n? — 1 + 2n in zq, ■ ■ ■ ,Zn- 



2.16. Vector Fields in Terms of Differentiation with Respect to Inho- 
mogeneous Coordinates. 

The introduction of homogeneous coordinates is simply for the nota- 
tional convenience of our discussion. We now return to inhomogeneous 
coordinates by specializing to 2;o = 1- First of all we would like to go 
back to the coordinates 

d^Zi (0 < j < n - 1, < £ < n) 

from the coordinates 

d^ log 2^ (1 < i < n - 1, < £ < n) 
which is the same as 

(1 < J < 1, < £ < n) 

(because = d'^ log Zj). We are going to use the chain rule for the 
transformation of vector fields. 

d _d^^_d_ 
Since if^ = d^-^ (^^), it follows that 

^] = ^] (2^05 ■ ■ ■ ) Zn, dZo, ■ ■ ■ , dZn, " " " , d"'Zo, ■ ■ ■ , d^Zn) 

is a rational function which is homogeneous of weight when d^Zp is 
assigned weight 1 and is homogeneous of weight k when d^Zp is assigned 
weight ^. Thus 

a(<i%) 
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is of weight —1 when df-Zp is assigned weight 1 and is homogeneous of 
weight k — E when Szp is assigned weight £. It follows from weight 
considerations that 

Yi 

where 5pj is the Kronecker delta. We conclude that, so far as the 
independence of the constructed vector fields are concerned, it makes 
no difference whether we are using the coordinate system 

\ogzi (1 < i < n - 1, < £ < n) 
or the coordinate system 

^^P (1 < i < - 1, < £ < n). 

Now we pass from the homogeneous coordinates to the inhomogeneous 
coordinates. It is equivalent to restricting all the objects to the linear 
subspace 

zq = 1, dzQ = d^ZQ = ■ ■ ■ = d^ZQ = 0. 

So far as 

d d 

are concerned, the linear subspace is part of the line defined by setting 
some coordinates equal to constant and the argument is not affected. 
Since the pole order of d^Zj is no more than £ + 1, we have the following 
proposition. A point of the space J^°J:\ {X) of vertical {n — l)-jets 
is represented by a nonsingular complex curve germ in P„ precisely 
when the value of zidzQ — z^dzi is nonzero at it for some homogeneous 
coordinate system zq, ■ ■ ■ , Zn oi¥n. 

Proposition 2.17. (Global Generation on Jet Space by Slanted Vector 
Fields at Points Representable by Regular Curve Germs) Let Pq he a 
point of the space Jn°l\ {X) of vertical (n — l)-jets such that Pq can 
be represented by a nonsingular complex curve germ in P„. Then the 
meromorphic vector fields on P„, x P^v tangential to 

{f = df = --- = d-f = 0} 

of pole order < + 2n + n{n — 1) = n{2n + 1) (along the infinity 
hyperplane of P„y) generate at Pq the tangent space of the total space 
of fiber- direction (n — l)-jets, where d^ f is taken with regarded as 
constants. In terms of inhomogeneous coordinates, the statement is 
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equivalent to that of the formulation in terms of homogeneous coordi- 
nates on the restriction to 

[zj = 1, dzj = cPzj = ■ ■ ■ = d^Zj = 0} 

for each < j < n. 

Proof. Since Pq can be represented by a nonsingular complex curve 
germ in P„, there exists some homogeneous coordinate system zq, - ■ ■ ,Zn 
such that ^0 7^ and zidz^ — zodzi 7^ at it. Since one of zq and zi must 
be nonzero at Pq, we assume without loss of generality that zq is nonzero 
at Pq. Let Xj = | for 1 < j < n. Then dxi = ^odz^-z^dzo g at Pq. 

We then apply a translation to the the affine coordinates (xi, ■ ■ ■ ,Xn) 
to make sure that X£ 7^ at Pq for 1 < i < n. Then we apply a linear 
transformation to the affine coordinates (xi, ■ ■ ■ , x„) that 7^ at Pq 
for 1 < £ < n and dxi 7^ dx2 at Pq- We are going to set rj = 1 and 
Sj = 2 for 1 < j < n. Also we will restrict the vector fields to Zq = 1 
and = X£ for 1 < £ < n so that 

- d;^ = d^^ - ^ 

at Pq and 2;^ 7^ at Pq for < i < n. The above construction now 
gives the generation of the tangent bundle of J^'^_^\ {X) at Pq. □ 

Remark 2.18. In the global generation of the tangent bundle of X in 
Lemma [LT] there is no reference to the tangent vector be representable 
by nonsingular complex curve germ, because a tangent vector is not 
representable by a nonsingular complex curve germ must be zero and 
the identically zero global vector field already generates the zero tan- 
gent vector. However, a higher order jet which cannot be represented 
by a nonsingular complex curve germ need not be zero. The condition 
of representability by a nonsingular complex curve germ can be tech- 
nically suppressed by formulating global generation over some suitably 
defined projectivization of the jet space which includes only those jets 
which have well-defined images in the projectivization of the tangent 
bundle. 

For the hyperbolicity of generic hypersurface X of sufficiently high 
degree, the generation by slanted vector fields of low vertical pole order 
only at jets representable by nonsingular complex curve germs offers no 
difficulty, because any nonconstant holomorphic map ip from the affine 
complex line C to X must be nonzero tangent vector at some point 
of C and we need use slanted vector fields of low vertical pole order at 
the jet represented hj cp at (f (Co)- 
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The slanted vector fields on J^l\ {X) of low vertical pole order con- 
structed in fl2.15p for the the proof of Proposition 12.171 start out with 
the vector field T which is any one of 

(0<j<n, l<£<n). 

The constructed slanted vector fields on J^l\ {X) of low vertical pole 
order are actually restrictions J^l\ {X) of vector fields on J„_i (P„) xP^r 
of low vertical pole order which are tangential to J^l\ (^). We formu- 
late below a proposition about the slanted vector fields on Jn-i (Pn) x 
Pat of low vertical pole order which are tangential to J^l\ {X) before 
their restrictions to J^l\ (A"). We want generation of the tangent space 
of J„,_i (P„) X Pat only at points Pq represented by a nonsingular com- 
plex curve germ in P„ x {a} which is disjoint from X. In some steps 
we need to modify the proof of Proposition 12 . 1 71 by replacing the defin- 
ing function / of A* by its product with a polynomial g of degree n in 
Xi, ■ ■ ■ , in order to make sure that 

is satisfied at Pq, where d^{fg) is taken with regarded as constants. 

Proposition 2.19. Let a G Pat and Pq be a point of the space J„_i (Pri)x 
Pat such that Pq can be represented by a nonsingular complex curve 
germ in P„, x {a} which is disjoint from X . Then the meromorphic vec- 
tor fields on Jn~\ (IPn)xPiv of pole order < +2n+n{n—l) = n(2n+l) 
(along the infinity hyperplane of F^) which are tangential to J^i^'J (X) 
generate at Pq the tangent space of J„_i (P„) x Pat. 



2.20. Remark on Homogeneous Weights of Vector Fields. 

We would like to consider the effect on the weight of a jet differential 
after the application of the vector fields which we have constructed. 
The weight of d^X£ is j. The coordinates xe has weight zero and does 
not contribute at all to the computation of weights. When we consider 
the vector field which starts with 

d 

d {d^xi) ' 

to clear the denominator we have to multiply the result by the factor 

/ dxi dx2 \ ^ 

\Xi X2 J 
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SO that one ends up with 

/ dxi dx2 \^ d 
\ Xi X2 J d {d^x^) 

which means that the action of the vector field after clearing out the 
denominator preserves the weight of the jet differential. Moreover, by 
the explicit construction of the slanted vector fields of low vertical pole 
order, we cannot apply them to {n — l)-jet differentials to get fc-jet 
differentials for k < n — 1. 

By applying slanted vector fields of low vertical pole order (from 
Proposition I2.19p . at points of X where the (n — l)-jet differentials 
(assumed to be holomorphically extendible to holomorphic jet differ- 
entials on neighboring hypersurfaces X^"^) are not zero pointwise, we 
can lower the multiplicity of the common zero-set of all holomorphic 
(n — l)-jet differentials vanishing on an ample divisor as functions of 
d^Xj {l < i < n, 1 < I < n — 1) with Xi, ■ ■ ■ , being regarded as lo- 
cal coordinates of X to yield already at this point the conclusion that, 
for the degree 5 oi X sufficiently large, there is a proper subvariety of 
X which contains the image of all nonconstant holomorphic maps from 
C to X, as explained in (12.211) below, under the assumption that, for 
some < ^ < ^' < 1, there is a holomorphic {n — l)-jet differential 
on X whose weight m is of order at most comparable to 5^ and whose 
order of vanishing at the intersection of X and the infinity hyperplane 
of P„ is of order at least comparable to 5^ . 

2.21. Non Zariski Density of Entire Curves from Existence of Appro- 
priate Jet Differential . 

We have vector fields on (P„) x P^v with low pole-order which are 
tangential to the space 

(x) = U (^^"^) 

of vertical {n — l)-jets of X. We can use either homogeneous coordi- 
nates zq, - ■ ■ ,Zn of Fn OT inhomogcueous coordinates xi, - ■ ■ ,Xn- The 
difference is very low pole order and such a very low pole order does not 
affect our argument. Then we use the affine coordinates ^j^^ = d^logzj 

or d^Xj. A k-]et differential of weight m is simply a polynomial in ^j^^ 
homogeneous of weight m, which is pulled back to Zq — 1, Zj — Xj 
when the affine coordinates are used. Assume that the A;-jet differen- 
tial is holomorphically extendible to holomorphic jet differentials on 
neighboring hypersurfaces X^°'\ We can either use Lie derivatives with 
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respect to the vector fields or we could just use differentiation of func- 
tions on the variables zq, Zn {or Xi, ■■■ , x„) and ^j^'' (or dxj). Even 
after we clear the denominator of the vector field used, with differentia- 
tion with respect to the vector field we end up with another polynomial 
in ^j^^ homogeneous of another weight m'. 

Suppose < 9 < 9' < 1 and we have a holomorphic (n — l)-jet 
differential uj^°'^ on X*^"^ (assumed to be holomorphically extendible to 
holomorphic jet differentials on neighboring hypersurfaces X^°'^) whose 
weight m is of order at most comparable to 6^ and whose order of 
vanishing at the intersection of X^°'^ and the infinity hyperplane of P„ 
is of order at least comparable to . Let Z be the set of X^"^ where 
all coefficients of the {n — l)-jet differential u vanishes. 

At a point y of X — Z the {n — l)-jet differential ui of weight m, as 
a function on the space Jn-i{X) of (n — l)-jets of X^"'\ has vanishing 
order at most m at every point of J„_i(X) above y, because at least 
one of the coefficients of oj is nonzero. Because of 6* < 9', at any point 
Po; above y, of Jn-i{X) which is represented by a nonsingular complex 
curve germ m we can apply slanted vector fields of low vertical 

pole order (from Proposition 12.191) up to as many times as the weight 
m of a; to get a holomorphic {n — l)-jet differential a;^"^"^ which vanishes 
on an ample divisor of X^°'^ and has nonzero value at Pq. 

By the Schwarz lemma of the vanishing of pullbacks of holomorphic 
jet differentials vanishing on ample divisor to C by an entire curve, 
we conclude, from Lp*u^^°'' = for any Pq above y representable by 
nonsingular curve germ in X^°'\ that y cannot be equal to (/'(Co) for 
some Cq ^ C where the differential dip of Lp is nonzero. Hence the 
image of any nonconstant holomorphic map (p from C to X^°'^ must be 
contained in the proper subvariety Z of X^^'K 

2.22. Hyperbolicity from Existence of Appropriate Jet Differential. 

In fl2.2ip . if the holomorphic (n — l)-jet differential u on IS 
assumed to satisfy in addition the condition that, for some < 9" < 9', 
at every point of X^°''^ some coefficient of co has vanishing order no more 
than , then at any point Pq of J„_i(X) representable by nonsingular 
complex curve germ, we can apply slanted vector fields of low vertical 
pole order (from Proposition 12.191) up to as many times as the weight 
m of a; plus to get a a holomorphic {n — l)-jet differential uj^^°'^ 
which vanishes on an ample divisor of X^"'^ and has nonzero value at 
Pq. As in (12.211) . we can now conclude that there is no nonconstant 
holomorphic map from C to X^°'\ 
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2.23. Extendihility of Jet Differentials Generic Fiber to Neighborhing 
Fibers 

In both fl2.2ip and f l2.22p there is an assumption about the holomor- 
phic extendibihty of the jet differential on X^^^ in question to neigh- 
boring fibers X^°'\ Such a condition is automatically satisfied for a 
generic d in P^r because of the following general statement. 

Let n : y ^ S he a. flat holomorphic family of compact complex spaces 
and C ^ y holomorphic vector bundle. Then there exists a proper 
subvariety Z of S such that for s & S — Z the restriction map 



is surjective for some open neighborhood Us of s in S. 

3. Construction of Holomorphic Jet Differentials 

We are going to construct holomorphic jet differentials. One crucial 
ingredient is the use of the Koszul complex to show that a homogeneous 
polynomial of low degree in + 1 homogeneous coordinates and their 
differentials up to order n — 1 cannot locally belong the ideal generated 
by a second homogeneous polynomial and its differentials up to order 
n — 1 when the second homogeneous polynomial is a homogeneous 
polynomial of high degree in the n + 1 homogeneous coordinates. 

Lemma 3.1. Let Y be a compact complex manifold and Z be a subva- 
riety of pure codimension at least 2 in Y . Let T be a locally free sheaf 
on Y. Then the restriction map 



is an isomorphism for < q < codimyZ — 2. 

Proof. This is a standard removability result for cohomology groups. 
Let {Uj}j be a finite cover of Y by Stein open subsets Uj. Since 



for 1 < r < codimyZ — 2 and for any jo, - ' ' ,jpi by Leray's theorem 
the following natural isomorphism 



r([/„/:)^r(^-i(s),/:u-i(,)) 



(F, J^) ^ i/" {Y 




H'^ {Y-Z,J^)^H^ 
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gives the computation of the sheaf cohomology by Cech cohomology. 
Since the restriction map 

T(f]U,,,A^T(f]{U,,-Z),J^ 
\e=o J \e=o 
is bijective for any jo, - ■ ■ ,jp, it follows that the map 



defined by restriction is an isomorphism. The lemma follows from the 
following natural isomorphism 



gives the computation of the sheaf cohomology by Cech cohomology. 

□ 

Lemma 3.2. Let £ and a < N be positive integers. Let Z be a linear 
subspace o/Pat and let 

Fi,--- ,F„Gr(P;v,Op^W) 

such that the zero-set of Fi, ■ ■ ■ , Fa in Pat — Z is a submanifold of 
codimension a in P^v — Z which is a complete intersection. Assume 
that 

H'i{¥N-Z,0^^{r)) = Q forl<q<a 
for any integer r. Then 

r (p^ - z, + p))^T (fj, - z, ^ OpMFj 

induced by 

a 

{gi,--- ,ga) ^^QjFj 

is surjective. 

Proof. Consider the Koszul complex 

^ o<\-ai+p) ^ ■ ■ ■ -> o^j:;\-ki+p) ^ of/~^\-{k-i)e+p) 

^ ■ ■ ■ ^ Opf ^ {-2i + P)-, i-i + p)^ Opf ) ip) . 

The homomorphisms in the Koszul complex is defined as follows. Take 
symbols ei, ■ ■ ■ , e^. We use 

Ci^ A--- ACi^ {1 < ii < ■ ■ ■ < ik < a) 
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as a local basis for O^^'' {—k^ + p) to represent an element 

oiO®^^{-M + p) as 

i<ji<---<jfc<t' 

and define 
by 

k 

ipk {Ci, A ■ ■ ■ A CiJ = ^{-ly^F,^ {a, A ■ ■ ■ A ei_, A e^^^, ■ ■ ■ A e^J 

in such a representation. Since the zero- set of Fi, ■ ■ ■ , in P^v — ^ 
is a submanifold of codimension a in ~ which is a complete 
intersection, it follows that the Koszul complex is exact on P^r ~ Z. 

We are going to prove by descending induction on 6 for 1 < 6 < a — 1 
that 

(Pjv - ^,Ker0;,) = 
for 1 < q < h. The case h = a — 1 follows from the assumption of the 
lemma and 

Ker</.,_i = 0®P(-a^ + p). 
For 1 < 6 < a — 1 the exact sequence 

^ Ker 05 ^ O®^^ {-M + p) ^ Ker ^ 
yields the exactness of 

H'^ {^N - Z, {-W + p)^ ^ H'^ (Pat - Z, Ker 0,„i) 

(Ptv-^, Ker 0b) 
and for l<g<6— Iwe conclude, from 

H'^ fp^-Z,OpP(-6£ + p)^ =0 



in the assumption of the lemma and 

H^^^ {¥n - Ker 06) = 

in the induction hypothesis that 

H'^ (P^-Z,Ker0,_i) = 0, 



51 

which completes the induction argument. 
For 6 = 1 we have 

(Ptv- ^,Ker0i) = 0, 
and the short exact sequence 

^ Ker 01 ^ Cp "(-^ + p) ^ Im 0i ^ 
yields the surjectivity of 

r (P^ - Z, O^^i-i + p))^T (F^ - Z, Im (^i) . 

Hence 

induced hj (pi is surjective. □ 

Lemma 3.3. Let Wq,Wi be two transcendental variables (representing 
two local holomorphic functions) . Then 

w^cf ( ^ 

is a polynomial in the variables 

Swk {0<i<j,k = 0, 1) 

which is homogeneous of degree j + 1 in all the variables and of total 
weight j in the differentials d^Wk for < i < j and k = 0,1 when the 
weight of d^Wk is assigned to be i. 

Proof. The case j = of the claim is clear. The induction process of 
the claim going from Step j to Step j + 1 simply follows from 

wfd^^^ ( ^ 



and the observations that 

(i) the differential of a homogeneous polynomial in the variables 

d^Wk {0<i<j,k = 0, 1) 

is a homogeneous polynomial in the variables 

d^Wk {0<i<j,k = 0, 1) 

of the same degree, and 
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(ii) the differential of a polynomial in the variables 

(fwk (0 < £ < i, A; = 0, 1) 
which is of homogeneous weight a is a polynomial in the variables 

{o<e<j,k = o, 1) 

which is of homogeneous weight a + 1 when the weight of d^Wk is as- 
signed to be i. □ 

Lemma 3.4. (Injectivity of Fullback Map for Jet Differentials) Let 

1 < k < n — 1 and let f be a polynomial of degree 6 in inhomogeneous 
coordinates xi, - ■ ■ , x„ o/Pn so that the zero-set of f defines a complex 
manifold X m P„. Let Q be a non identically zero polynomial in the 
variables d^xe (0<j<k,l<£<n). Assume that Q is of degree mo 
in Xi, ■ ■ ■ , Xn is mo and is of homogeneous weight m in the variables 
d^xg (l<j<k,l<£<n) when the weight of d^xi is assigned to be 
j . If mo + 2m < 6, then Q is not identically zero on the space of k-jets 
ofX. 

Proof. Suppose Q is identically zero on the space of /c-jets of X. We 
are going to derive a contradiction. 

Since Q is of homogeneous weight m in the variables d^xi (1 < j < 
^, 1 < ^ < ^) when the weight of d^xg is assigned to be j, it follows 
that the degree of Q in the variables d^x^^ (1 < j < A;, 1 < ^ < n) is at 
most m. We introduce the homogeneous coordinates 

of P„ SO that 

Xj = — {I < j <n). 

Let = (/c + l)(n + 1) — 1 and relabel the variables 

d^ze {0 < j < k, < i <n) 

as the + 1 homogeneous coordinates wq, - ■ ■ ,wn of Pat. Let P = 
^mo+2»nQ^ Since the degree of Q in the variables d^xe (1 < i < A;, 1 < 
i < n) is at most m, by Lemma [3731 we conclude that P is a polynomial 
in the variables wq, - ■ ■ ,wn and is homogeneous of degree mo + 2m. 

We are going to apply Lemma [3721 In our application We set m = n. 
The homogeneous polynomials -Fi , ■ ■ ■ , of degree 5 in the + 1 
homogeneous coordinates Wq, - ■ ■ ,wn of Pat are 

z'j,d{z'j),--- ,d' {z'j). 
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The linear subspace Z in is defined hj zq = zi = ■ ■ ■ = Zn = 
which is of complex codimension n+1 in P^r and is therefore of complex 
dimension N — {n + 1) = k{n + 1) — 1. 

We know that, if Z is a subvariety of Pjv, then for any Stein open 
subset U of Pat the cohomology group H^' (^U — Z, Cp^ j vanishes for 

< q < codimpj^Z — 2 = n — 1, where codimp^^Z means the complex 
codimension of Z in P^r. Thus, 

if" (P^ - Z, Op^(^)) =0 for < g < n - 1. 

Since Q is identically zero on the space of fc-jets of X, it follows that 
P locally belongs to the ideal generated by 

4f,d{z'j),--- (4/). 

By Lemma 13.21 with a = k + 1, since 

codimp^Z — 2 = n — l>k = a — 1, 

we can write 

k 

for some homogeneous polynomials go, - ■ ■ , of the variables 

Wo,-- - ,Wn, 

where the total degree of gj is mo+2m— 5. We arrive at a contradiction, 
because mo+2m— 5 is negative and a polynomial cannot have a negative 
degree. □ 

Now we count the number of unknowns and the number of equations. 

Lemma 3.5. Let X be a hypersurface of degree 6 in in P„. Let S be a 

hypersurface in X defined by a homogeneous polynomial g of degree s 
in the homogeneous coordinates of P„,. Then for q > 6 + s + n, 

5 



US/ 

dimr(5,05(?)) = EE( 
1=1 k=l ^ 



n + q — i — k 
n-2 



In particular, 



dimr(5,o.(,))<-^^^^ + ^-')"" 



(n-2)! 
for q > 5 + s + n. 
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Proof. First of all, for any nonnegative integer £ we have 

dimr(p„,a„(^)) ^^^""^ ^^^""^ 



e J \ n 

because it is equal to the number of possibilities of choosing i elements 
out of n + 1 elements with repetition allowed which is the same as 
choosing i elements out oin + l + i — 1 = i + n elements without 
repetition. From the exact sequence 

(13311) ^ Op„{e)^o^„{e + 6)^ Ox{i + s)^o 

where (^/ is defined by multiplication by /, it follows that 

r (p„, Op„(£)) ^ r (p„, + 6)) ^ 

r (X, Oxii + 5)) ^ (P„, Op„(£)) = 

is exact and 

r (X, Oxii + S)) = T (P„, a„(^ + 6)) /fV (P„, a„(^)). 

Hence 

dimT{X,Oxii + 6)) -- 

From fl3.5[ l) we have the exact sequence 

(P„, 0^„{i + 6)) ^ (X, Ox{i + S)) ^ H^+' (P„, Op„(£)) . 

From the vanishing of (P„, Op„ (^ + 5)) for 1 < p < n it follows that 
{X, Ox{i + 5))=0forl<p<n — 1. From the exact sequence 

^ Ox{i) ^Ox{i + s)^ Osii + s)^0 
where (pg is defined by multiplication by g and from 

H\X,Ox{i)) = 

for n > 3 it follows that 

F (S, Osii + s)) = T {X, Oxii + s)) /gV (X, Oxii)). 

Hence 

dimr(5, Osii + s)) =dimr(X, + s)) - dimF (X, Oxii)) 



n + i + 5\ fn + i 
n I \ n 



n + i + s\ fn + i + s - 8 
n J \ n 



n + i\ fn + i-5 
n J \ n 



for i > 6. We are going to use the following identity for binomial 
coefficients 

/ a — l\ / a 
b ~[ b j " U-l. 
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for a — 1 > 6 > 1. Then for q > 6 + s + n, we have 

'n + q — S 



dmiT{S,Os{q)) 



n + q — s 
n 



n + q 
n 
n - 



= E 

1 r 

-E 



n 



q-j + l 
n 



n + q — s — j + \ 
n 



5 

E 

S r 

= E 



n + q — J 
n — 1 



n + q — ] 
n — 1 



n 

— s — 5 
n 

n + q ~ ] 
n 



n + q — s — j 
n 



n + q — s — J 
n — 1 



n + q — s — j 
n — 1 



EE 

j=i k=i 



n 



q — j — k + 1 
n — 1 



n + q — j — k 
n — 1 



EE 

j=i k=i 



n + q — j — k 
n-2 



□ 



Lemma 3.6. Let yi,--- ,yr be independent transcendental variables. 
Let 1 = ni < 712 < ■ ■ ■ < Ur be integers. Let Um be the number of all 
monomials ■ ■ ■ y^"" such that 'Yl^j=i ^j^j = '^m be the number 

of elements in A^. Then 



< Om. < 



m + r — 1 
r — 1 



+ r - 1 
- 1 

where \ u\ denotes the largest integer not exceeding u. 

Proof. Let Am be the set of all monomials y2^ ■ ■ ■ y^^ such that ^^=2 ^j^j 
m. Since rii = 1, A^ is the same as the set of all monomials yi^ ■ ■ ■ y^^ 
such that njkj = m and is the number of elements of A^,- Let 

Bm be the set of all monomials 2/2^ ■■ ■ y^'' such that X]j=2 % — ^ • 
Let Cm be the set of all monomials ?/2^ ■ ■ ■ y^"^ such that X]j=i — 
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Since 



J=2 



m 



r 

J=2 



it follows that 



Since the number of elements in is 

+ r - 1 
r — 1 

and the number of elements in Cm is 

+ r — 1 
r — 1 

the conclusion of the Lemma follows. 



□ 



si + 2s2 + ■■■ + (£ - l)Se_i < i 



Lemma 3.7. Let f be a polynomial of degree 6 in the variables xi, ■ ■ ■ , 
Let Ki be the smallest nonnegative integer such that {fxiY^ d^xi can be 
expressed as a polynomial Pi of 

d^Xr {1 < j < i, 2 < r < n) 
on the space of i-jets of the zero-set of f . Then ki = 1 and 

Ki < 1 + max < KjSj 
[j=i 

Moreover, as a polynomial of the degree of Pi in the variables Xi, ■ ■ ■ ,Xn 
is at most (5 — 1). The integers Ke in can be estimated by Kg < i\ 

Proof. We use induction on ^ for £ > 1. The case i = 1 is clear, because 

n 

fxidXl ^ ^ fxr^'X'f 

r=2 

and we can set 

n 

Pl = - Y f^rdXr 



r=2 
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whose degree in xi, ■ ■ ■ , is obviously at most 5—1. From d^f = it 
follows that on the space of £-jets of the zero-set of / the jet differential 
fxid^Xi can be written as a polynomial Qi in 

d^Xr {l<j<i-l,l<r<n), 

d^X2, ■ ■ ■ , d^Xn 

of weight < £ in 

d^Xr (2 < i < £- 1, 1 < r < n), 

d^X2, ■ ■ ■ , d^Xn 

when d^Xr is given the weight j. As a polynomial in dxi, ■ ■ ■ , d^~^xi 
the total weight of Qi is no more than i. As a polynomial in xi, ■ ■ ■ ,Xn 
the degree of Qi is at most 6 — 1. Thus inductively on i we conclude 
that we need only to multiply fx^d^Xi by a power of f^^ not exceeding 

i-i 

max < KjSj Si + 2s2 + ■ ■ ■ + — < 

. j=i 

to yield a polynomial Pi of 

d^x^ (1 < J < ^, 2 < r < n) 

on the space of £-jets of the zero-set of /. Moreover, the degree of Pi 
in xi, ■ ■ ■ , x„ is at most (5 — 1). 

The integers can be estimated by K£ < £!, because, when 

ri + 2r2 + ■■■ + (£- l)r£_i <£, 

we have < 4, and from < j! for 1 < j < £ — 1 it follows that 

l-l l-l y l-l i-l 

n,r, < 5^ - < £ 5^0- - 1)! < £ - 2)! = £!. 

1=1 1=1 ^"'^ 1=1 i=l 



□ 



Proposition 3.8. (Jet Differential from Polynomial in Differentials 
of Inhomogeneous Coordinates) Let X he a nonsingular hypersurface 
of degree 6 in P„ defined by a polynomial f{xi, ■ ■ ■ , x„) of degree 6 in 
the affine coordinates xi,-- - ,Xrt o/IPn- Suppose e, e' , 9q, 6, and 6' 
are numbers in the open interval (0, 1) such that uOq + 6 > n + e and 
6' < 1 — e'. Then there exists an explicit positive number A = A{n, e, e') 
depending only on n, e, and e' such that for S > A and any nonsingular 
hypersurface X in P„ of degree 6 there exists a non identically zero 
Of ^{—q) -valued holomorphic {n — l)-jet differential u on X of total 
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weight m with q > 6^ and m < 6^ . Here, with respect to a local 
holomorphic coordinate system Wi,--- ,Wn~i of X , the weight of u is 
in the variables d^wi (1 < j < n — 1,1 < £ < n — 1) with the weight 
j assigned to d^we- Moreover, for any affine coordinates Xi,--- ,x„ 
of Fn, when f^^ = 1 defines in a nonsingular hypersurface in X , the 
{n — l)-jet differential oo can be chosen to be of the form j—ii, where 
Q is a polynomial in 

d^xi, ■ ■ ■ , d^Xn {0 < j < n — 1) 

which is of degree mo = in xi, ■ ■ ■ , a:„ and is of homogeneous 

weight m = \6^~\ in 

d^Xi, ■ ■ ■ , d^Xn {1 < j < n — 1) 
when the weight of d^xe is assigned to be j. 

Proof. Let Xi, ■ ■ ■ ,Xn and zq, ■ ■ ■ , Zn he respectively the homogeneous 
and inhomogeneous coordinates of P„ so that Xj = ^ for 1 < j < n. 
Let / be a polynomial of degree (5 in xi , ■ ■ ■ , x„ so that the zero-set of 
/ in Fn is X. 

Consider a non identically zero polynomial Q in 

d^Xi, ■ ■ ■ , d^Xn {0 < j < n — 1) 

which is of degree mo in xi , ■ ■ ■ ,Xn and is of homogeneous weight m in 

d^Xi, ■ ■ ■ , d^Xn {1 <: j < n — 1) 

when the weight of d^xi is assigned to be j. We impose the condition 

mo + 2m < 6 

so that according to Lemma 13.41 the pullback of Q to the space of 
{n — l)-jets of {/ = 0} is not identically zero. According to Lemma 
the degree of freedom in the choice of the polynomial Q is at least 

(mo + n\/[^,\+nin-l)-l\ 

V n J\ n{n -1)-1 J' 

where the first factor 

/mo + n\ 
\ n J 

is the number of mononials of degree < mo in n variables Xi , ■ ■ ■ , x„ 
and the second factor 

V n(n-l)-l y' 
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is the number of mononials of /iomo^'eneoiis degree [;^J inthen(ri — 1) 
variables 

d^xe {1 < j <n-l, 1 < e <n) . 

The key point of this proof is that though we have all the variables 
d^Xi, • • • , d^Xn for < j < n — 1, we do not have to worry about the 
dependence resulting from the relations d^ f = (0 < j < n — 1). 

Let Hp^ be the hyperplane of defined by x„ = 0. We now want 
the meromorphic (n — l)-jet differential defined by Q to be holomorphic 
on X and and, moreover, to vanish a.t X (1 Hf>^ of order q. First of all, 
on the space of (n — l)-jets of X, we can use the relation d^ f = 
(1 < J < n — 1) to eliminate the variables d^Xi (1 < j < n — 1) by 
expressing d^Xi (1 < i < — 1) in terms of 

d^xe {l<j<n-l,2<i<n). 

To do this, according to Lemma [3 .71 we can multiply Q by (fxi)'^ with 
N = 2m Kj, because, in a monomial of weight m, the degree of 

d^Xi (1 < j < n - 1, 1 < £ < n) is at most j and {j + 1) j < 2m. 

Since kj < j\, it follows that N < {n-l)\2m. Let N = (n - 1)\ 2m. 
The degree of (/rj^ Q in xi, ■ ■ ■ , x„ is now mo + N{S — 1) and the 
weight of (/xi)'^ Q in d^X£ (1 < j < n — 1, 2 < ^ < n) is homogeneous 
and equal to m when the weight of d^X£ is assigned to be j. 

We let S be the divisor in X defined by Z^;^ — 1 = 0. The hypersurface 
in P„ defined by f^^ — 1 = is of degree 6 — 1. We observe that for 
a generic polynomial / of degree 6, the divisor in X is nonsingular, 
because it is the case when / equals the Fermat hypersurface 



Then 



and the 2 x n matrix 



Xl 



5x1 



5-1 



X 



5-1 
1 

J-2 



X. 



5-1 



X 



5-1 











whose rows are nonzero multiplies of the gradients of F and F^.^ has 
rank 2 unless either xi = or X2 = ■ ■ ■ = Xn = 0, which is impossible. 



because on S one has = 5*- 
X2 = ■ ■ ■ = Xn = implies = 



from F.j.-^ 

-1 



1 and the condition 
1 7^ when F = 0. To prove 



this Lemma we need only prove it for a generic / and then remove 
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the genericity assumption for / by using the semi-continuity of the 
dimension of the space of global holomorphic sections over a fiber in a 
holomorphic family of compact complex manifolds and a holomorphic 
vector bundle. 

The polynomial Q defines a meromorphic {n — l)-jet differential on 
X which we again denote by Q. We now count the pole order of the 
jet differential Q on X at X fl i^p„. For the counting of this pole order, 
we introduce another set of inhomogeneous coordinates Ci; ' ' ' Xn of 
P„ defined by 

> -^1 i ■^n—l i 1 

^1 ) ' ' ' 1 Sn—l ) C,n 



so that 



_Cl _Cn-l _1 

Sn 'an 'an 



Since by Lemma [373] 



{l<i<n-l] 



and 



are polynomials in d''(r (0 < A; < j, 1 < r < n). Thus Cn^"*Q is a 
polynomial in d^(r (0 < < j, 1 < r < n). The pole order of the jet 
differential Q at X (1 Hf^ is at most ttiq + 2m. 

We are going to show that we can choose the coefficients of the 
polynomial Q so that the (n — l)-jet differential Q is zero at points of 
S. This would imply that the {n — l)-jet differential 

— Q 

is holomorphic on X and vanishes to order 5 — rriQ — 2m at X fl -f/p„. 
The reason is the following. For some proper subvariety Z of X (1 Hp^ 
the function (q~^ (/^.^ — 1) is holomorphic and nowhere at points of 
XnHp^- Z. Thus 

is holomorphic on X — Z and vanishes to order at least 6 — 1 — 2m 
along X n i/p„ — Z. What we want follows from Hartogs' extension 
theorem because Z is of complex codimension at least 2 in X. 
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Now on Jn-i {X) I S (which is the part of the space of (n — l)-jets of 
X lying over S) the jet differential Q equals to the jet differential 

because fx^ = 1 holds on S. Since the degree of (fxi)^ Q in xi, - ■ ■ , a;„ is 
mo + N{5 — l) and the weight of (/n)^ Q in d'^Zj- {1 < k < j,2 < r < n) 
is homogeneous and equal to 2m, it follows from Lemma 13.51 that the 
number of linear equations, with the coefficients of Q as unknowns, 
needed for (/xJ^Q to vanish at all points S is no more than the 
product 

{6-1)6 (mo + N{6- 1))""^ fm + {n - 1)^ - V 



(n-2)! V (n- 1)^-1 

For the existence of a nontrivial Q with the required vanishing at all 
points of S, it suffices to have 

'^o + n\n^,\ +n{n-l)-V 
n J \ n{n — 1) — 1 
{6 - I) 6 {niQ + N {6 - (m + (n - l)^ - T 

^ (n-2)! V (n- 1)2-1 

In particular, it suffices that 

n\ {n{n — 1) — 1)! 

is greater than 



[{6 -1)6 (mo + {n-l)\2m{6 - 1))""'] (m + (n - 1)^ - 1) 



>(n-l)2-l 



(n-2)!((Ti- 1)2- 1)! 

We choose mo = 1"^^°] , m = \6^~\ , and q = \_6^' \ ■ Since the three 
positive numbers Oq, 9, and 9' are all strictly less than 1, measured in 
terms of powers of 5 as 5 becomes dominantly large, the order of 

(mo + 1)"- i^r^''-'^-' 

n\ {n{n — 1) — 1)! 

is at least 

^neo+{n(n-l)-l)e 

and the order of 



[{6 -1)6 (mo + (n - 1)! 2m {6 - 1)) ] (m + (n - 1)2 - 1) 



.(n-l)^-l 



(n-2)!((n-l)2-l)! 
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is at most 

^2+(n-2)(l+6')+((n-l)2-l)6» 

Since by assumption nO^ + ^ > n + e, it follows that 

po + {n{n - 1) - 1) 0] - [2 + (n - 2)(1 + 9) + ((n - 1)' - l) ^] > e. 

So there exists a positive number A depending only on n and e such 
that 

n! {n{n — 1) — 1)! 

is greater than 
[{6 -1)5 (mo + (n - 1)! 2m {5 - 1))""'] \{m + {n - if - 



(n-2)!((n-l)2-l)! 

when S > A. We can also assume that A is chosen so that 5— 6^'^ — 26^ > 
5^ for 5>Ato make sure that the [n — l)-jet differential 

^ Q 



is holomorphic on X and vanishes to order at least q aX X r\ i^p„. □ 

Remark 3.9. Proposition 13.81 is the same as Proposition 4.6 on p. 446 of 
|Si02] and also the same as Proposition 2 on p. 558 of |Si04] . 

4. Hyperbolicity from Slanted Vector Fields and 
Vanishing Order of Low-Degree Polynomials 

Since the holomorphic jet differential o;*^"'' vanishing on an ample 
divisor of X^"'^ from the construction in Proposition 13.81 is of the form 
■^j-^, the discussion in f l2.2ip and (12.221) shows that the hyperbolicity 

of generic hypersurface of high degree is now reduced to the control 
of the vanishing order of the puUback to X^") of a polynomial of low 
degree in d^Xj for < £ < n — 1 and I < j < n. In this section we 
deal with this question of the control of the vanishing order of such 
pullbacks and finish the proofs of Theorem 10.11 and Theorem 10.21 

Lemma 4.1. (Vanishing Order of Restriction of Polynomi- 
als) Let W be a nonempty connected open subset of Fn such that 
j^g regular for every a G W. Let m be a positive integer and for 
a ^ W let g^°'^ be a homogeneous polynomial of degree m in the ho- 
mogeneous coordinates z^), - ■ ■ , Zn o/P„ whose coefficients 5'^o!---,/in (for 
fJ'O + ■ ■ ■ + fJ-n = rn) are holomorphic functions of a on W, which is 
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not identically zero on P„ for a G W. Let a{a) be a holomorphic lo- 
cal section of X over W . Then there is a proper subvariety Zg „ of 
W such that for a ^ W — Zg „ the vanishing order of the restriction 
'^f 9^'^^ X*-"^ at the point cr(a) of X^"^ is no more than m. 
As a consequence, for any relatively compact nonempty subset WofW 
there exists a proper subvariety Zg of W such that for a & W — Zg the 
vanishing order of the restriction of g^"^ to X^"^ at any point 

of X^°'^ is no more than m. 

Proof. We prove first the first conclusion involving the local holomor- 
phic section a oi X over W and then prove the second statement with- 
out the local holomorphic section a of A" over W later. Since the set 
of all q; e such that the vanishing order of the restriction 
of to at the point cr(a) of X'-"'^ is > m is a subvariety of W 
which may be all of W, it suffices to show that there exists some point 
a oiW such that the vanishing order of the restriction f?^"-* |^(^,) of g^""^ 
to X^""^ at the point a{a) of X^""^ is no more than m. We pick some 
point a* of W and for notational simplicity, when we need to replace 
by a smaller open neighborhood W of a* in W, we use the same 
symbol W for the new smaller neighborhood W. When we need to 
replace a* by some other point, we use the same symbol a* for the new 
point. 

We now make the reduction to the special case that a (a) is always 
the origin in some inhomogeneous coordinates system of P„ for a G W. 
Choose an inhomogeneous coordinate system xi, - ■ ■ ,Xn of P„, centered 
at a{a*) and let (cri(a),--- be the coordinates of a{a) with 

respect to Xi, ■ ■ ■ , We can assume without loss of generality that 
((Ti(a), ■ ■ ■ , (Jn{a)) belongs to the affine part C"' of P„ for a E W (after 
replacing by a smaller open neighborhood of a* in W if necessary). 
For a G let 

i/qH \-i'n=m 

We introduce the translation of the inhomogeneous coordinates yj = 
Xj — o-j{a) foT 1 < j < n and a G to write 

9^"^ = E 9it;^. + ■■■(yn + ^n{a)r 

foH \-i^n=m 

= \^ v"^ ■ ■ ■ v"" 

i/oH VVn=m 
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and 

UqA \-l'n=S 

i/qH h 1^71=5 

Let 7 = [7i/o,---,i^n]^o+...+i/„=5- Let be the open subset of Pat which is 
the image of W under the map a (-> 7. Let ^(7) be the inverse function 
of a H- 7. The function 



UQ^ ^Un=m 

on the zero-set of the function 

i^oH ^Vn=& 

near the point yi = ■ ■ ■ = y„ = is the same as the function 

I/qH |-t'n=m 

on the zero-set of the function 



E 

I'OH |-i^n=5 



near the point given by ) for 1 < J < because of the 

coordinates transformation yj = xj — aj {a) for 1 < j < n. Define 



r.*^! . . . q-l^" 



I/qH \-Un=m 

with giol--,u„ = fi^f-ol-'^Vn- With the change of symbols from yj to Xj and 
from 7 to a, the function 

uqA hl'n=in 

on the zero-set of the function 

i^oH ht'n=5 

near the point j/i = ■■■ = ?/„ = is the same as the function 

EA{e{")) ^1^1 ... ^fn 

VqH \-Un=m 
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on the zero-set of the function 




■■■x: 



n 



foH |-!^n=<5 



near the point xi 



Xn = 0. Thus, by replacing g^""^ by g^""^ and 



replacing W by VF, we can reduce the general case to the special case 
of a{a) equal to the origin xi = ■ ■ ■ = x„ = for all a G W . 

Now we can assume without loss of generality that a{a) equal to 
the origin xi = ■ ■ ■ = x„ = for all a G W . Let p be the minimum 
vanishing order of (^'•"^ on P„ at Xi = ■ ■ ■ = x„ = for a G VF, which 
is achieved at some point a* of W . We have < p < m, because the 
vanishing order p is for g'^"*-' on P„ and not for the restriction of g^°'*^ 
on X^°''\ If p = 0, then ^f*-"*^ is nonzero at the origin Xi = ■ ■ ■ = x„ = 
and as a consequence the restriction of g^°'*^ to X^"*^ is nonzero at the 
origin xi = ■ ■ ■ = x„ = 0. So the vanishing order of the restriction of 
g{o-*) X*^"*) at the origin xi = ■ ■ ■ = x„ = is just 0. So we can 
assume without loss of generality that 1 < p < m. 

By using a C-linear transformation of the inhomogeneous coordinates 
Xi, ■ ■ ■ ,x„ and, after dividing g^°''> by a local holomorphic function on 
Ptv and replacing W by another nonempty open subset of Pat, we can 
assume without loss of generality that of the form 



where each Aj (a, xi, ■ ■ ■ , x„_i) is a polynomial in xi, ■ ■ ■ , x„_i of de- 
gree < m — j whose coefficients are holomorphic functions on W such 
that Aj (a, Xi, ■ ■ • , x„_i) vanishes at Xi = ■ ■ ■ = x„_i = for < j < p. 

The expression (14.11 1) is simply writing g^"^ as a polynomial in x„, 
where a C-linear transformation of xi, ■ ■ ■ , x„ is used to make sure that 
the coefficient of x^ in the initial polynomial of degree p, at the origin 
in the inhomogeneous coordinates, is a non identically zero function of 
a, which is reduced to 1 after dividing g^"'^ by it. The condition that 
Aj (a, Xi, ■ ■ ■ , Xn-i) vanishes at Xi = ■ ■ ■ = x„_i = for < j < p 
simply means that the vanishing order at the origin of the inhomoge- 
neous coordinates is indeed p and not less than p. The condition that 
Aj (a, xi, ■ ■ ■ , Xn-i) vanishes at xi = ■ ■ ■ = Xn-i = for j = p simply 
means that its constant term has been separated out to be the first 
term x^ after division by its coefficient which is a function of a. 



m 





j=0 
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We apply to the restriction of g^"^ to X the tangent vector field 

C = h 2^ -D,A, ... 



of A" (from the proof of Lemma 11.61) p times and get 



j=0 



n' 



where (a, zi, ■ ■ ■ , vanishes at xi = ■ ■ ■ = Xn-i = 0. In partic- 
ular, ^Pg^^^ is nonzero at the origin of P„ for any a. 

Let y = 'Ylii Qi^i be the divisor of the restriction of g^°'^ to X, where 
is an irreducible hypersurface in A' fl (P„ x W). Since the p times 
differentiation ^Vg^^^ of ^f^"-* with respect to the vector field ^ is nonzero 
at every point of A" fl ({0} x W), it follows that the multiplicity of Y at 
every point of A" fl ({0} x W) is at most p. If {0} x is not contained 
in Y^, we let Y^' be fl ({0} x VF), otherwise we let 1^' be the empty 
set. Then for a & W which is not in the image of the projection of 
[Jg Y^ to W, the vanishing order of the restriction at the origin 

Xi = ■ ■ ■ = Xn = is < p < m. 

Note that in this proof of the first statement we already fully use the 
special form of X defined by 

UQ-i \-l'n=S 

in our use of the vector field 

^ dx ^ ^"'^""''"''""da 

which comes from the proof of Lemma 11.61 by setting 

for 1 < j < ri and setting aj^k = for (j, k) {0, n) and ao,n = 1- One 

can also easily get ^ directly from 

d 



^ z^OH hi^n— 5, 



and then from replacing the monomial x^^ ■ ■ ■ x'^Six'^'^^^ by 

d 



Now we come to the second statement without the local holomorphic 
section a of X over W. Let V be the set of all points (F, a) of P„ x 
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such that the vanishing order at P of the restriction g^°'^\-^i^a) of 9^°"^ to 
is > m. Then is a subvariety of A" fl (P„ x W). If the second 
statement does not hold, then the projection of y to induced by 
P„ X VF H- VF is surjective. We can find a local holomorphic section a 
of V over some nonempty open subset W of W . This contradicts the 
first statement involving the local holomorphic section a oi X over the 
nonempty open subset W of Ptv- □ 

Remark 4.2. (1) For use of the Lemma WA\ in our proof of hyperbolicity 
of generic hypersurface of high degree, we need only a very weak version 
of it, for example, with the conclusion that the vanishing order of the 
restriction of f?*-"^ to X^°''^ is < Cnm^"'"^" + at any point of its zero-set 
m for some positive integers c„ and which depend only on n, 
where is some small positive number depending only on n. 

(2) The generic condition on a in Lemma 14.11 cannot be removed. 
A simple example to illustrate this point is the Fermat hypersurface 
= 1 of degree 5 in P„ , for which the complex hyperplane x„ = 1 
touches the Fermat hypersurface to order 6, because the equation 
x„ = 1 when pulled back to the Fermat hypersurface yields a;^ 
which vanishes to order 6 at the point (xi, ■ ■ ■ with Xj = 

for 1 < j < n — 1 and x„ = L 

Proposition 4.3. (Jet Differentials Nonzero at Jets Represented by 
Nonsingular Curve Germ Obtained by Applying Slanted Vector Fields) 

Let Lo^'^^ = — be the holomorphic jet differential on X{a) con- 

structed in \3.^) . There exists some proper subvariety Z of Fn such 
that for a E Pat — Z and any Pq E J„_i (X*^"^) representable by a non- 
singular complex curve germ in X^°'\ there exist slanted vector fields of 
low vertical pole order ^i, ■ ■ ■ (with i explicitly of order 6'^) such that 
Cie^^ ■ ■ ■ Cie^-^u^"''' defines a holomorphic jet differential on which 
is nonzero at the {n — l)-jet Pq- 

Proof. From our construction in (13.81) the k-jet differential Q^"^ is a 
polynomial of low degree in both the inhomogeneous coordinates Xi, ■ ■ ■ , x, 
and their differentials d^Xi, ■ ■ ■ , d^Xn (for 1 < u < n — 1) so that for 

a generic a the pullback to X^'^^ of the A;-jet differential o;*^"-' := 

is holomorphic on X^"\ where F^'^'^ = fx°^ — 1 is a polynomial in 
Xi, ■ ■ ■ ,x„ of high degree {i.e., comparable to the degree 5 of /) and 
dividing by it contributes to high vanishing order at the infinity hyper- 
plane of P„. We introduce the new notation F*^"-' here to emphasize 
that in the following argument the coordinate xi plays no role and what 
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matters is the contribution of division by F^"^ to high vanishing order 
at the infinity hyperplane of P„. We are interested in the vanishing 
order of the pullback to X^°'^ of the A;-jet differential on and 
how, if the hypersurface X*^"^ is generic, at any given point of X^°'\ 
an effectively small number of Lie differentiations can reduce it to no 
vanishing. 

First of all, for notational simplicity we introduce the following no- 
tation for a monomial of differentials of inhomogeneous coordinates. 
Take monomial 

n id'-^r" 

of differentials of the inhomogeneous coordinates Xi, ■ ■ ■ ,Xn of P„ up 
to order k, where each uij is a nonnegative integer. We use u to to 
denote the indexed collection (i^^,j)i<j<„ i<e<k nonnegative integers 
and use d'^x to denote the monomial 

n id%r" 

^<j<n, l<e<k 

itself. To the monomial d'^x of differentials of inhomogeneous coordi- 
nates up to order k define its multi-degree as the /c-tuple of nonnegative 
integers (m^, m^.i, ■ ■ ■ ,mi), where = J^^^i^ij degree as a 

monomial in the variables d^xi, ■ ■ ■ ,d^Xn when the other differentials 
are regarded as coefficients. We use the notation mdg (d'^x) to denote 
the multi-degree (m/c, mfc_i, ■ ■ ■ ,mi). Since the multi-degree of d'^x 
depends only on the indexed collection i/ of nonnegative integers, we 
denote the multi-degree {nik, rrik-i, ■ ■ ■ , mi) also simply by mdg(i>'). 

We now write 
where 

We say that a /c-tuple (mfc,mfc_i,-- - is represented as a multi- 

degree in Q^°'^ if there exists some multi-index v such that {mk, mk-i, ■ ■ ■ , mi) 
is equal to mdg{u) and the polynomial qI^^ of inhomogeneous coordi- 
nates of Pn is not identically zero. 

Take an arbitrary point y of For a multi-index u with qI^^ 

not identically zero as a polynomial of inhomogeneous coordinates 
xi, ■ ■ ■ , x„ of Fn, let Qy^i^ be the vanishing order at y of the restriction 
of to X'^°'\ This vanishing order Qy ^ is effectively bounded from 
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above by Lemma \4A\ for a generic a. For a /c-tuple {ruk, mk-i, ■ ■ ■ ,1711) 
which is represented as multi-degree in Q^°'\ let qy,m^.,mi._i,- ,mi be the 
minimum of Qy^i^ over all multi-indices u with mdg(i^) = (m^, rrik-i, ■ ■ ■ , rrii). 
Note that the number qy,mk,mk-i,- ,mi remains unchanged under any 
C-linear change of the inhomogeneous coordinates xi,-- - even 
though Q^f ^ as well as qy^i, may be changed under a C-linear change of 
the inhomogeneous coordinates Xi, ■ ■ ■ , 

We now pull back Q^") to X^") to get and express in 

terms of the coordinates xi, ■ ■ ■ , x„_i and their differentials. We will 
show that the result of applying an effective number of well chosen 
slanted vector fields ^1, ■ ■ ■ , to l*Q^°''> will be a holomorphic jet dif- 
ferential on X^°'^ which is pointwise non identically zero at y (for a 
generic a G P„ with the generic condition not depending on y). 

In the set of all /c-tuples of nonnegative integers {rrik, mk-i, ■ ■ ■ ,rai), 
we introduce the lexicographical ordering so that {mk,mk-i, ■ ■ ■ ,mi) 
is greater than (m'^,, m'i^_^, ■ ■ ■ , m[) if there exists some 1 < A < A; such 
that mx = m'^ for A > A and m. > m'.. Let (m^,m^_^, ■ ■ ■ ,m^) be 
the largest /c-tuple among all A;-tuples which are represented as multi- 
degrees in Q^"'^ . Let A* be the largest integer among all 1 < A < A; with 
ml > 0. 

We are going to use an inhomogeneous coordinate system xi, - ■ ■ ,Xn 
of ¥n centered at y as follows. First of all, we choose Xn such that 
the hyperplane {xn = 0} is the tangent hyperplane of X^°'^ at the 
point y. Secondly, we generically choose C-linear functions xi, ■ ■ ■ , 
so that Qy,mi,mi_-^,- ,mi = qy,u*, whcrc u* is the indexed collection of 
nonnegative integers such that 

d'-'^x = ■ ■ ■ {d'x.p {dx^r*- . 

In order to express l*Q^°''^ in terms of the coordinates Xi, ■ ■ ■ , x„_i 
and their differentials, we use the implicit function theorem to express 
Xn in terms of Xi, ■ ■ ■ , Xn-i on to get a local holomorphic function 
Xn = ga,u (xi, ■ ■ ■ , Xn-i) in a neighborhood of y in P^. Since {xn = 0} 
is the tangent hyperplane of X^"'^ at the point y, it follows that 
vanishes at y. 

For any A*-tuple of nonnegative integers t = (^a)i<a<a* with < 
< ra\ for 1 < A < A* let be the indexed collection of nonnegative 
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integers such that 

\\=1 / \A=1 / 

which means that d'^'x is obtained from d'^'x by replacing the factor 
{d^XiY^ in d''*x by the factor (d^x„)*^ for 1 < A < A*. 

The coefficient of d'^* x in Q*^"^ is Q^'^\ whereas the coefficient of d'^* x 
in L*Q^'^^ is given by 

E (%f) oif 



0<t_|^<jn* forl<A<A* 
and Ejjli("iJ-tA)>0 



The vanishing order at y of the restriction i*Q^°'} of Q^"'} to X^"^ is 
equal to %,mi,mi_^,- ,mi, whereas the y of the restriction l*Q^'1> of Q^"-* 

to no more than (ly,mi,mi_^,--- ,mi when < tA ^ for 1 < A < A* 

and ("^I - ^a) > 0. 

Since the vanishing order at y of l*Q^^J is equal to qy,mi,mi_^,--- ,mi, 
by Proposition (12.171) on the global generation on jet space by slanted 
vector fields at points representable by regular curve germs, we can 
choose slanted vector fields for 1 < j < g of low vertical pole order 
with q = qy,mi,mi_-^,- ,mi such that ■ ■ ■ {^*Q^^^) is nonzero at y 
and Cie^^Cie^^^-^ ■ ■ ■ Cie^^ (d^^j) equals d^Xj at y for 1 < A < g, 

1 < £ < k and 1 < j < n — 1, because slanted vector fields generate the 
tangent bundle of the space of vertical jet differentials of X. To choose 
such slanted vector fields of low vertical pole order, we need only make 
sure that their components along the local coordinates Xi, ■ ■ ■ , Xn-i of 
X (which are now regarded as local coordinates of the A;-jet space of 
X by pullback) give a nonzero value of ■ ■ ■ {i-*Q^'^^) at y and their 
components along the coordinates d^xj for 1 < i < k and 1 < j < n — 1 
in the /c-jet space of X are all zero at y. Since the vanishing order at 
y of L*Q^°'} is equal to g, we have the vanishing of ^a^a+i ■ ■ ■ {'^*Q^°i}) 
for 2 < A*< q. 

Since the vanishing order at y of l*Q^1^ is no more than q and since 
^^f- vanishes at y, we have the vanishing of 
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at ?/ for 1 < A < g when < tx < hi 1 < X < X* and 
EaIi i^l - tx) > 0. 

We now apply the Lie differentiation by ^i, ■ ■ ■ , .^g to u^°'^ = and 
conclude that at y the coefficient of d'^*x in Lie^-^Lie^^ ■ ■ ■ Cie^^ (w*^")) 
is equal to the value oi ^i - ■ ■ {i'*Q^^}) at y which is nonzero. 

Take any Pq of J^l\ {X) above the point y of which is pre- 
sentable by a nonsingular complex curve germ in As in (lOTj) . 
we can choose slanted vector fields ?7i , ■ ■ ■ , r/m of low vertical pole or- 
der (from Proposition I2.19P with m not exceeding the weight m of 
Cie^^ ■ ■ ■ Cie^^ (oj*^"-*) such that the holomorphic {n — l)-jet differential 
Cien^ ■ ■ ■ Cier^^Cie^^ ■ ■ ■ Cie^^ (a;*^"^) on X^"^ vanishing on an ample di- 
visor of X^"^ has a nonzero value at Pq- D 

4.4. Proof of Theorem W . 1\ 

For a generic hypersurface X*^") of sufficiently high degree 5, by 
Proposition 14.31 for every Pq in the (n — l)-jet space Jn-i (X*-"^) repre- 
sentable by nonsingular complex curve germ there exists a holomorphic 
(n — l)-jet differential u on X^""^ which vanishes on an ample divisor 
of X^"-* and which has nonzero value at Pq- 

We need to verify that there exists no nonconstant holomorphic map 
</3 : C — )■ X'^^\ Suppose the contrary and we are going to derive 
a contradiction. Since 99 is nonconstant, there exists some Co ^ C 
with the differential dip of is nonzero. Let Pq be the {n — l)-jet of 
at if (Co) represented by the parametrized complex curve germ 
</? : C — X^°'\ Since a; is a holomorphic {n — l)-jet differential on 
X*^"^ vanishing on an ample divisor of X'^°'\ it follows that the pullback 
Lp*u is identically zero on C, contradicting the value of uo at Pq being 
nonzero (c./., Proposition 15.41 and Remark 15.51 below). 

4.5. Proof of Theorem hU/^] 

The proof is analogous to the proof of Theorem 10.11 The difference 
is that 

(i) the holomorphic jet differential uo used in the proof of Theorem 
10. H is replaced by the log-pole jet differential on P.„ constructed 
in Theorem I5.13[ 

(ii) the use of Lemma l4n in the proof of Proposition 14. 31 is modified 
by Remark 15.141 concerning the vanishing order of log-pole jet 
differential constructed as the direct image of jet differential, 
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(iii) the use of Proposition 12 . 1 71 is replaced by the use of Proposition 

(iv) the use of the Schwarz lemma of the vanishing of the pullback 
to C of a holomorphic jet differential vanishing on an ample 
divisor is replaced by Proposition 15.101 concerning the general 
Schwarz lemma for log-pole jet differentials. 

5. Essential Singularities, Varying Coefficients, and 
Second Main Theorem 

Besides the Little Picard Theorem of nonexistence of nonconstant 
holomorphic maps from C to Pi — {0, 1, oo} there is a stronger statement 
which is the Big Picard Theorem of no essential singularity at oo for 
any holomorphic function from C — A^^ to C — {0, 1} for tq > 0. The 
Little Picard Theorem corresponds to our theorem on the hyperbolicity 
of a generic hypersurface X^"^ of sufficiently high degree in P„ (for a 
in Ptv outside a proper subvariety Z of Pat). Corresponding to the 
Big Picard Theorem, there is a statement concerning the extendibility 
across a holomorphic map C — Ar^ — ?• X^"^ to a holomorphic map 

cu {oo} - a;;^ 

In this section we are going to prove such a theorem on removing 
the essential singularity at oo of a holomorphic map from C — A^p to 
a generic hypersurface of sufficiently high degree. 

The more quantitative version of the Big Picard Theorem was intro- 
duced by Nevanlinna |Ne25] in his Second Main Theorem in his theory 
of value distribution theory. In this section we discuss the Second Main 
Theorem from log-pole jet differentials which is more in the context of 
Cartan's generalization of Nevanlinna's Second Main Theorem to holo- 
morphic maps from the affine complex line to P„ and a collection of 
hyperplanes in general position |Ca33] . 

The hyperbolicity of a generic hypersurface of high degree 6 in P„ 
can be reformulated as the nonexistence of n -|- 1 entire holomorphic 
functions on P with some ratio nonconstant which satisfy a generic 
homogeneous polynomial of degree 6 with constant coefficients. Our 
solution of the hyerbolicity problem for a generic hypersurface of high 
degree makes use of the universal hypersurface A' in P„ x P^r and the 
variation of the hypersurface X^"'^ in P„ with a G Pat. The variation 
of X^°'^ corresponds to the varying of the constant coefficients of the 
homogeneous polynomial equation for the n + 1 entire functions. In 
this section we will discuss the problem of nonexistence of entire func- 
tions satisfying polynomial equations with slowly varying coefficients 
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and also the more general result for removing essential singularities for 
holomorphic functions on C minus a disk for this setting. 

I. Removal of Essential Singularities 

To extend our methods from maps C — ?■ X^°'^ to maps C — A^q — ?■ 
for some tq > 0, we need a corresponding extension of Nevan- 
linna's logarithmic derivative lemma (p. 51 of jNe25] ). For such an 
extension of Nevanlinna's logarithmic derivative lemma, we need the 
following trivial multiplicative version of the Heftungslemma |AN64j . 

Lemma 5.1. (Trivial Multiplicative Version of Heftungslemma) Let 
To > and F be meromorphic on C — A,.„ . Let tq < ri . Then there 
exists some function G holomorphic and nowhere zero on CU{oo}— A^^ 
such that FG is meromorphic on C. Moreover, when F is holomorphic, 
G can be chosen so that FG is also holomorphic on C — {0}. 

Proof. Choose tq < pi < ri < p2 such that dAp^ contains no pole and 
no zero of F for j = 1,2. Let Xl/li be the zero-divisor of F on 
Ap2 — Ap^ and bj be the pole-divisor of F on Ap^ — Ap^ . Let 

\j = Jo / \j = Jao / 

Then Fh is holomorphic and nowhwere zero on Ap^ — Ap^ . Let £o be 
the integer 

^ [ d\og{Fh). 

Then 

/ d\og{FhC^") =0 

J\C\=ri 

and we can define a branch of log on Ap^ — Ap^, which we 

denote by From Cauchy's integral formula $ (C) = $o(C) ~ ^oo, 
where 

2vr Ji^i^p, C - C 

for C e Ap2 — Apj. Exponentiating both sides of $ (C) = $o(C) — ^od, 
we get FhC'^o = e^oe"*- and Fe*°° = h-^C^°e^°. Since the right- 
hand side h~^C^°e'^° of Fe*°° = h~'^(^°e'^° is meromorphic on Ap^ and 
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the left-hand side of Fe*°° = /i~^(^^°e*" is meromorphic on C — Ap^, it 
follows Fe*°° is meromorphic on all of C. We apply the transformation 
w = ^ to get 

which is holomorphic for \w\ < -j^, that is, holomorphic for (^q E C U 
{oo} — Apj. Now the function G{C) = e*°° satisfies our requirement. 
When F is holomorphic on C — A^o , the function FG which is equal to 
/j^-i^^og*() Ap2 and is equal to e*'' on C — Ap^ is clearly holomorphic 
onC-{0}. □ 

5.2. Comparison of Characteristic Functions of Maps Defined Outside 
a Disk. 



Let ri > To > 0. For a meromorphic function H on C — A^j, we 
introduce for c G C U {oo} the counting function 

N{r,ri,H,c)= n{p,ri,H,c) —, 

J p=r\ P 

where n [p, ri, H, c) is the number of roots of H{() = c with multiplic- 
ities counted in ri < |C| < p and also the characteristic function 

T{r,ri, H) = N {r,ri,H, oo) + — [ log+ I H (re'^) I d9. 

27r Je=o 

For a holomorphic map (p from C — A^,, to a complex manifold Y and 
a (1, l)-form r] on Y, we introduce the characteristic function 



T(r, ri,(p,r]) 



p=ri 




For Y = Fn and being the Fubini-Study form, we drop rj in the 
notation T(r, ri, (/?, ?]) and simply use T(r, ri, (/?) when there is no con- 
fusion. When a holomorphic map (/? from C — A^q to P„ is given by 
holomorphic functions [Fq, - ■ ■ , F„] on C — A^o without common zeroes, 
its characteristic function is 



T{r, ri,v9) 



We would like to compare it with the characteristic function T ( r, ri, y- 



F ■ 

for the meromorphic function ;pr for 1 < j < n. For 1 < j < n we have 
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the inequality 



r,^ 1+0(1). 



The verification of 



T^r,^^ <T(r,(^) + 0(l) 

for 1 < j < n is as follows. 

From twice integration of Laplacian with g = log XlfcLo l-^^l^ 
f l012|) . we have 

J 9—0 I — n J 9—0 u—n 



k=0 

from which we conclude that 

27r 



— / log' 



9=0 



^0 



de 



r(r, + O (logr) . 



Finally from 



iV(r,ri,Fo,0) 
1 



p=ri 



9ca.-log|For 



dp 



a^a^iog 



N 



< 



r flac9,-logf;|For)^ = T(r,^) 



dp 
P 



it follows that 



T r, ri, 



1 

2^ 



27r 



log"* 



de + N{r, ri,Fo,0) 
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< O {T{r, ri,ip) + log r) 



The verification of 



nr,n,^) <f2T (r,n,^] + 0(1) 



for 1 < j < n is as follows. From 



r ([ ia^c^iogf ifif)* 

T /.27r N 1 /.27r ^ 

i-/ log^|ftK)rd9-i-/ log^|ft(r.e«')r<i« 

"'^'-0 k=0 fc=0 
1 / ^ P 2\ . ^27r 

i0=o \ ^ ^0 / Jg^o 



^2n N 



1. j \,Y.\F,[ne-')t m 

""^-U fc=0 



we have 
T(r, ri 



log 



27r 



27r 

log|Fo (re^^)|rf^+0(l). 



61=0 



The verification of the inequality comparing characteristic functions of 
maps and meromorphic functions is a straightforward modification of 
the proof of Lemma (2.1.2) on p. 426 of |Si95] . where the map is from 
C instead of from C — A 



The logarithmic derivative lemma holds for meromorphic functions 
on C — for Tq > in the following form. 

Proposition 5.3. (Logarithmic Derivative Lemma for Functions Mero- 
morphic in Punctured Disk Centered at Infinity) Let ri > tq > and 
F he meromorphic on C — A,,g . Then 



2tt 



log'^ 



F' {re'^) 



F (re 



de = (log T(r, ri,F) + log r) 



for r > ri . 



Proof. By 15.11 there exists some function G holomorphic and nowhere 
zero on C U {cxd} — A^^ such that FG is meromorphic on C. Let 
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H = FG. Then (logF)' = {\ogH)' - (logG)' and 



log^ 



Thus, 



log^ 



=0 



F (re^^) 
F' {re'^) 



< log^ 



+ log^ 



G' (re*^) 



+ log2. 



< 



F (re* 

27r 



log 



=0 



dd < 



27r 
61=0 



log^ 



log+ |dG'|+log2 



H ire 



0(1) < O (log T(r,//) + log r) 



because G holomorphic and nowhere zero on C U {oo} — A^. The 
required statement follows from 

N{r, H,oo) < N{r,ri,F,oo) + 0(logr) 

and log~^ \H\ < log"*" \F\ + 0(1). By 15.11 on the trivial multiplicative 
version of Heftungslemma, for some holomorphic nowhere-zero function 
Go on CU{oo}-A^ with Tq < < n such that H{C) := C^Fo(C)G'o(C) 
is holomorphic on C (with coordinate () and is nonzero at C = 0. 

r.27r 

log|Fo {re''^)\de 



1 

2^ 



61=0 



27r 



2lT 



log 



61=0 



(re'^)'(FoOo (re^^)) 



d9- 



27r 



2n 



log 



61=0 



de 



de 



= log \Hm + iV(r, 0) - / ^og I (re*'') ' (Gq (re*^)) 
iV(r, 0)+O(l) < (r, n, Fq, 0)+0(1) < V iV f r, n, ^, oo) +0(1 

k=i V ^0 y 



because Fq, Fi, ■ ■ ■ , F„ are assumed to have no common zeroes on C - 
A^o- Thus, 

fc=l ^ "'^-O ° /c=l ^ y 



0(1). 



□ 



Proposition 5.4. (Vanishing of Fullback of Jet Differential Vanishing 
on an Ample Divisor by Holomorphic Map to Punctured Disk Centered 
at Infinity) Let X he a compact complex manifold with a Kdhler form r] 
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and u he a holomorphic jet differential on X vanishing on some ample 
divisor D of X . Let ri > Tq > and ip : C — A^g X be a holomorphic 
map. Let evalidf.(v^*'^) denote the function on C — Ar^ whose value at 
( is the evaluation of the jet differential (f*oj at the jet defined by the 
identity map of C — Ar^ at Then either evalide(v'*w) is identically 
zero on C — Ar^ or T (r, ri, ip,rj) = O (log r) || . 

Proof. Let k be the order of jet differential u and m be its weight. Let 
Ld he the line bundle associated to the ample divisor D. Let 6"^^° 
be a smooth metric oi whose curvature form r]£, is strictly positive 
definite on X. Let be a holomorphic section of whose divisor 
is D. Let $ = evalid(^{ip*u). We assume that $ is not identically zero. 
We apply twice integration of Laplacian in f l0.12p to 



Since oo is holomorphic on X and vanishing on D, it follows that 



Here we have the inequality instead of an identity, because of possi- 
ble contribution from the zero-set of At this point enters Bloch's 
technique of applying the logarithmic derivative lemma by using the 
logarithm of global meromorphic functions as local coordinates. As 
functions on the /c-jet space JkiX) of X (with the right-hand side be- 
ing global functions and the left-hand side being only local functions 
due to the transition functions of the line bundles Lo), 



for some C > and a finite collection | of global meromorphic 

functions on X, where the product is taken over the indices Uj^i, j,£ 






A 





a disk centered at the origin) given in (15. 3p . 




log+ /logFj;^ {re'')de = Oi\ogT{r,ru^,VD) + logr) \\. 
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Hence 



Je=o 



/ log 




) 



{re'') dd = (log T (r, ri, r/^) + log r) || 



and we get 



T {r,ri,ip,r]D) < O (log T (r, ri , (yj, 77^) + log r) 



from which it follows that 

T {r,ri,ip,'r]D) = O(logr) 



and 



T {r,ri,(f,r]) = O(logr) 



□ 



Remark 5.5. The argument in Proposition (15.41) is simply a modifica- 
tion of the case of the usual Schwarz lemma on puUbacks of jet differ- 
entials (see e.g., Theorem 2 on p. 1140 of |SY97j ) when the holomorphic 
map if is from the entire affine complex line C to X. For this case, the 
puUback ip*u is always identically zero on C for the following reason. 
We can replace ip by the composite ip of ip with the exponential map 
from C to C to rule out the case of T [r^ip^rf] = O (logr) || so that 
evalidf,{ip*u}) vanishes identically on C. Since any A;-jet of C at any 
point Co of C can realized by some holomorphic map a from C to itself, 
from the vanishing of evalidc(c*'^) vanishes identically on C it follows 
that ■0*0; is identically zero on C, which implies that if*oj is identically 
zero on C 

Lemma 5.6. (Extension of Holomorphic Maps with Log Order Growth 
Characteristic Function Across Infinity Point) Let if be a holomorphic 
map from C — A^^ to P„ given by holomorphic functions [Fq, - ■ ■ , F„] 
on C — A,.(j without common zeroes. If T{r,ri,ip) = O(logr) ||, then 
ip can be extended to a holomorphic map from C U {00} — A^q to P„. 

Proof. By the comparison of characteristic functions of maps defined 
outside a disk given in f l5.2p .we have 



V ^0/ 

for 1 < j < n. By the trivial multiplicative version of the Hef- 
tungslemma given in (15. ip . there exists some holomorphic nowhere zero 
function Gj on C U {00} — A^^ such that is meromorphic on C. 

From 





) 



+ 0(1) < T{r, f) = O(logr) 
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ioT 1 < j < n we conclude that is a rational function on C. Hence 
^ can be extended to a meromorphic function on CU {00} — A^f, . Thus 
Lp can be can be extended to a holomorphic map from C U {00} — A^^ 
to P„. □ 

Proposition 5.7. Let X be a compact complex manifold. Let ui, - ■ ■ , un 

be holomorphic k-jet differentials of total weight m on X with each van- 
ishing on some ample divisor of X . Assume that at any point Pq of 
Jk{X) which is representable by a nonsingular complex curve germ, at 
least one of ui, - ■ ■ ,un is nonzero at Pq for some 1 < j < N . Then 
any holomorphic map (p from C — A^o to X can be extended to a holo- 
morphic map from C U {00} — A^o to X. 

Proof. We can assume without loss of generality that </? is not a constant 
map so that at some point Co of C — A^,, the differential of is nonzero 
at Co- Let Pq be the element of Jk{X) at the point ip{Co) of X defined 
by the nonsingular complex curve germ represented by tp at Co- By 
assumption, there exists some 1 < jo ^ ^ such that Uj^ is nonzero at 
Pq. It follows that the function evalidc{'^*^jo) associated to (p*Ujg as 
described in (10.131) is nonzero at Co- Let 77 be a Kahler form of X and 
let ri > tq. By (15 ■4p we have 

T{r,ri,ip,r]) = 0{\ogr) ||, 

which implies that the holomorphic map ip from C — A^g to X can be 
extended to a holomorphic map from C U {00} — A^,, to X. □ 

Theorem 5.8. For any integer n > 3 there exists a positive integer 6n 
with the following property. For any positive integer 6 > S there exists 
a proper subvariety Z in the moduli space Pat 0/ all hypersurfaces of 
degree 6 in P„ (where N = {^^^)) such that for a G P„ — Z and 
any holomorphic map (p : C - Ar, (where ro > 0) can be 

extended to a holomorphic map C U {c>o} — A^g — )■ X^°'\ where X^"^ is 
the hypersurface of degree 6 in P„ corresponding to the point a in the 
moduli space F^. 

Proof. By Proposition (I2.17P on global generation on jet space by slanted 
vector fields at points representable by regular curve germs, 

□ 

II. Entire Function Solutions of Polynomial Equations of 
Slowly Varying Coefficients 

5.9. Historical Background, Osculation Condition, and Log-Pole Jet 
Differential. 
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Before the introduction of the language of geometry of manifolds, 
hyperbolicity problems were formulated in terms of entire functions 
satisfying functional equations. For example, a theorem of Borel states 
that if entire function ■ ■ ■ , v?n satisfy e*^^ + ■ ■ ■ + e*^" = 0, then 
V'j ~ '^k is constant with 1 < j < k < n. In the formulation in terms of 
functional equations satisfied by entire functions, the hyperbolicity of 
a generic hypersurface of high degree 6 states that no n + 1 entire holo- 
morphic functions ipo{(), - ■ ■ , (pn{C)y with the ratios ^ not all constant, 
can satisfy a homogeneous polynomial equation 

l/OH \'Un=5 

of degree 5 whose constant coefficients avo,---,i^n generic. 

There have also been considerable investigations on the situation 
when the constant coefficients are allowed to vary slowly. For exam- 
ple, on p. 387 of his 1897 paper [Bo97j . Emile Borel studied the prob- 
lem of entire functions 7i(C)) " " " ■, 7n(C) ^"^^ '^li.O^' ' ' ; V^n(C) satisfying 
7ie'^i 'y^e'^" = and proved that 7i(C)i ■ ■ ■ ■, 7n(C) must be all 

identically zero if the growth rate on |C| = r of 7i(C)5 ■ ■ ■ 5 7n(C) and 
(/9i(C), ■ ■ ■ , V'n(C) is no more than e'^'-'^'^ while the growth rate on |C| = r 
of '^j{C) — fiiC) j i is at least //(r)^ for some function //(r) as 
r —7- oo. 

For the hyperbolicity problem of generic hypersurface of degree 5, we 
now study the question of entire functions satisfying a homogeneous 
polynomial equation of degree 6 with varying coefficients. More pre- 
cisely, we ask whether there are entire functions <^o(C)) ' ' ' ? V^n(C) with- 
out common zeroes and entire functions duo,- - ,ur,iC) ior i'o + - ■ ■ + h'n = S 
without any common zeroes satisfying 

uqA \-u„=5 

such that 

(i) ip '■ C ^ «(C) = i'^vo,- ,u„{C)) ^ '^N is nonconstant, 

(ii) a (Co) = (avo,---,i^n (Co)) is not in the exceptional set Z in for 
some Co £ C, and 

(iii) T {r,ip) = o(T{r,(p) + logr) ||, where (/? : C — P„ is defined 
by bo,-- - ,^n\- 

Here we handle the simpler question which assumes in addition that 

I'OH \-^'n = S 
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for 1 < J < n — 1. The additional set of n — 1 equations f l5.9[ l)j for 
l<j<n — lis equivalent to the set of n — 1 equations 

(15112), Yl (^«-0'-'-^^)) ^'^o^^)'" ■ ■ ■¥'"(0''") = 



uoA hl^n=<5 



for 1 < j < n — 1, because of the equation fl5.9[ l)n itself and the result 
obtained by differentiating it j-times with respect to C- 

A geometric interpretation of the conditions fl5.9[ l)n and fl5.9[ 2)j for 
l<j<n — lis the following. When 

is considered as the set of coefficients of a linear equation which defines 
a hyperplane H{Q in P^r, as ( varies in C we have a moving hyperplane 
depending on (. Having entire functions V'^(C) for < i < n and 
tneire functions ai/o,- -,i^n(C) for vq + ■■■ + i^n = S satisfying fl5.9[ l)j for 
< i < n — 1 is equivalent to the existence of a holomorphic map 



C^a(C) = Ko,-,-n(C)) 



from C to Pat which osculates the hyperplane H{() to order n — 1 in 
the sense that the curve C a(C) in Pat is tangential to order n — 1 to 
the hyperplane H (Co) of at the point a (Co) £ ^n- Condition (iii) 
of T (r, i/j) being of order o (T (r, ip) + logr) is the condition of slowly 
varying coefficients. 

For this question of polynomial equations with slowly varying coeffi- 
cients under additional assumption of osculation, we present here two 
results. The first one, corresponding to hyperbolicity, is that when the 
map C i-> a(C) is slowly moving compared to the map ( i— )■ ^^(C) G Pn, 
no such pair of curves C ^ ^(C) ^ and ( (-)■ (p{C.) G P„ exist. 

The second result, corresponding to the Big Picard Theorem, con- 
cerns extension across oo when the pair of maps C i— )■ f{C) G P„, and 
C H- a(C) G Pjv are only defined for C G C — A^^ instead of on C. 

Since the Schwarz lemma is the crucial tool for the hyperbolicity 
problem, for the more general case of slowly varying coefficients we 
need a variation of the Schwarz lemma for it. We are going to present 
it in the form which is more than we need by allowing log-pole jet 
differentials rather than just holomorphic jet differentials so that it can 
be used later in this article in the proof of Second Main Theorems for 
log-pole jet differentials (see Thoerem 15.151 and Theorem 15. 161 below) . 
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A log-pole jet differential means that locally it is of the form 

A 

where local holomorphic coordinates, Gx and Fi, - ■ ■ , 

are local holomorphic functions. Each (rf^ log F) contributes u£ times 
the divisor of F to the log-pole divisor (with multiplicities counted) of 
the log-pole jet differential. 

Proposition 5.10. (General Schwarz Lemma for Log-Pole Differential 
on Subvariety of Jets and Map with Slow Growth for Pole Set) Let X be 
a compact complex algebraic manifold of complex dimension n and Y be 
a complex subvariety of the space Jk{X) of k-jets. Let -Kk '■ Jk{X) — » X 
be the natural projection map. Let D and E be nonnegative divisors of 
X whose associated line bundles L^ and L^ respectively have smooth 
metrics e^^-^ and e~^° with smooth (1, l)-forms rjD and rjE as curva- 
ture forms such that D + E is an ample divisor of X and its curvature 
form r]£) + tje for the metric e~^-°~^^ is strictly positive on X . Let 
sd (respectively se) be the holomorphic section of Ld (respectively Le) 
whose divisor is D (respectively E). Let F be a nonnegative divisor 
of X and Supp F be its support. Let u be a function on Y such that 
Se {sd)~^ ^ is holomorphic on Y — ir^^ (Supp F) . Assume that for some 
finite open cover {Uj}^^^ of X, there exists a log-pole k-form Uj on Uj 
(for 1 < j < J), whose log pole is contained in F with multiplicities 
counted, such that on F Htt^^ (Uj) the function uj agrees with the func- 
tion on TT^^ {Uj) defined by {se)~ i^j for I < j < J. Let ri > ro > 0. 
Let ip : C — A,.y X be a holomorphic map such that the image of the 
map Jki'p) '■ Jk (C — Aj.g) — )■ Jk{X) induced by Lp is contained in Y . 
Let Gj{C) be the function evalide(v'jW) associated to </?y as explained in 
i\0.13\) . If Gj{() is not identically zero on C — A^.q , then 

T (r, ri, ip, rjo) < T (r, ri, ip, tje) + N (r, ri, Lp, F) 

+ O {logT {r,ri,ip,'r]D + Ve) + ^ogr) ||. 

In particular, if for some e > one assumes that 

N{r,ri,(p,F) +T(r,ri,v9, \r]E\) <(!-£) {T {r,ri,ip,r]D)) ||, 

then either Gj{Q is identically zero for all 1 < j < J ) or 

T{r,(p,riD + r]E) = 0{logr) ||. 



Proof. We assume that Gjo(C) is not identically zero for some 1 < jo < 
J. We apply twice integration of Laplacian with in f l0.12p to 

^7(c) = iog(|G,„(c)iV* ("tC^ 

\ \ \sd\ e-^o 

Since ujj is holomorphic on F — vr^^ (SuppF), it follows that 
T (r, ri, V9, ?7d) - T (r, ri, y?, - (r, ri, v?, F) 



2tt 



Si? 



-Xe 



0=0 



(re^^) d9 + 0{l). 



Here we have the inequality instead of an identity, because of possible 
contribution from the zero-set of At this point enters Bloch's 

technique of applying the logarithmic derivative lemma by using the 
logarithm of global meromorphic functions as local coordinates. As 
functions on the space Jn-i {'^) of vertical (n — l)-jets on X (with the 
right-hand side being global functions and the left-hand side being only 
local functions due to the transition functions of the line bundles Lo 
and Le), 

A 



\'^i,SESD\<CY, n V'^^^F, 



(A) 



of global meromorphic 



A = l 1^3,1,]/ 

for some C > and a finite collection 
functions on X, where the product is taken over the indices Vj/, j,i 
with the ranges l<j<n, l<i<k and ^i<j<„ i<e<k^^j/ ~ ^■ 
By Nevanlinna's logarithmic derivative lemma (extended to C outside 
a disk centered at the origin) given in fl5.3p . 

2t7 



log^ 

=0 

Hence 



/ log Fjj) (re*^) de = (log T{r,n,^,VD + Ve) + log r) 



2tt 



log |G,„(C)|V* 



-Xe 



[re'^) (19 



\sd\ e"^° 

= O (logT {r,ri,ip,r)D + Ve) + logr) \\ 

and we get 

T {r,ri,(p,r]D) < T {r.n, ip,'r]E) + N {r,ri,ip, F) 

+ 0{\ogT{r,ri,Lp,r]D + r]E) + logr) ||. 
If now for some e > one assumes that 

N (r, ri, (p,F)+T (r, n, v?, < (1 - e) (T (r, n, ip, rjo)) 
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then one obtains right away T (r, rjo + tJe) = O (logr) ||. □ 

Theorem 5.11. (Entire Function Solution of Polynomial Equations 
with Slowing Varying Coefficients) There exists a positive integer 5n 
and for 6 > 6n there exists a property subvariety Z of Pjv (where 
N = ('^^") ) with the following property. There cannot exist entire 
functions ^Po{C), ■ ■ ■ , fn{C) without common zeroes and entire functions 
(^uo,--- ,vn{C) for + ■ ■ ■ + Un = 6 without any common zeroes satisfying 

E «-o,-,..(c)^(^o(cr---^n(cr) = o foro<j<n-i 

l/0-\ \-I^n=S 

such that 

(i) the map ip : ( a{Q = {ai,^^... G Pat is nonconstant, 

(ii) a (Co) = {o(uo,-,u„ (Co)) 'is not in the exceptional set Z in Pat for 
some Co G C, and 

(iii) T{r,ip) = o{T{r,ip) +logr) ||, where (/? : C — )• P„ defined 
by [v?o,--- ,Vn\- 

Proof. We apply Proposition 15.101 with k = n — 1 to the the space 
J„_i(A') of {n — l)-jets of the universal hypersurface A" with subvari- 
ety Y equal to the space J^'^\ {X) of vertical (n — l)-jets of X. The 
assumption 

J2 ^'^o,-,.AO-^{MCr---MCr)^0 forO<j<n-l 

Uo-\ hl'n = <5 

implies that for every C G C the element of J„_i(A') represented by the 
parametrized complex curve germ (/? at C belongs to Y = J^-l {'^)- 

By Proposition 14.31 we have a proper subvariety Z of Fn and for 
a G Piv — Z and 1 < J < J a holomorphic family of {n — l)-jet 
differentials wj""* on X*^"-* vanishing on the infinity hyperplane of P„ 
(extendible to a meromorphic family over all of P^r) such that, at any 
point Pq of Jn-i [X^"^^ with a G Pat — Z which is representable by a 
nonsingular complex curve germ, at least one wj"'* is nonzero at Pq for 
some I < j < J. 

Since for each 1 < j < J the holomorphic family wj""* for a G ¥]\[ — Z 
can be extended to a meromorphic family for a varying in all of Pat, we 
can find a divisor Ej in Pat such that for all 1 < j < J the pole-set of 
Uj^^ as a meromorphic vertical (n — l)-jet differential on X is contained 
in the intersection of X and P„ x Ej with multiplicities counted. For 
1 < j' < J, because Uj^^ vanishes on an ample divisor of X^"'^ for 
a G Pat — 2, we can find a divisor Dj in X such that Dj + Ej is an 
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ample divisor of X and the zero-set of ooj as a meromorphic vertical 
(n — l)-jet differential on X contains Dj with multiplicities counted. 

Since -0 : C — )■ Fn is nonconstant and T (r, ifj) = o(T (r, cp) + log r) || , 
it follows that the differential d(f is nonzero for some Co ^ C. Denote 
by Pq the point in Jn-i {X^""^^ represented by the nonsingular com- 
plex curve germ ip at Co- Some wj"^ has nonzero value at Pq. From 
Proposition 15.101 applied to wj"'' , it follows that 

T(r,v9) = O(logr) ||, 

which would contradict 

r T{r,ilj) 
hm sup — ; > (J 

r^oo log r 

from the nonconstancy of the map and the assumption 
T (r, -0) = o (T (r, 99) + log r) ||. 

□ 

The analogue of the Big Picard Theorem about removable essential 
singularities is the following result. 

Theorem 5.12. (Removing Essential Singularity for Holomorphic So- 
lution of Polynomial Equations with Slowing Varying Coefficients) There 
exists a positive integer 6n and for 6 > 6n there exists a property sub- 
variety Z 0/ Pat (where N = {^~^"')) with the following property. For 
some r>ro > let ^Po{C), ■ ■ ■ , V'n(C) be holomorphic functions on C — A^o 
without common zeroes and let ai/o,...,^„(C) for uq + ■ ■ ■ + Un = ^ be 
holomorphic functions on C — A^q without common zeroes. Assume 
that 

E «^o,-,.„(c)^(^o(cr---^n(cr) = o foro<j<n-i 

Uo-\ hl^n=S 

on C — Arg such that 

(i) the map tf) : Q ^ a(C) = {ciuo,- - ,u„{.C)) ^ ^tv is nonconstant, 

(ii) a (Co) = {ct-uo,- (Co)) is riot in the exceptional set Z in Pat for 
some Co £ C — A^q, and 

(iii) T(r, ri,-!/)) = o(r(r,ri,v?) + log r) ||. 

Then V9o(C), " " " , </'n(C) and aj^o,... ,i.„(C) for for i/p H h z^n = 5 can be 

extended to meromorphic functions on C — A^^ . 
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Proof. We use the same notations as in the proof of Theorem 15.111 
except the domains for the maps Lp : C — A^.^ — X and psi : C — A^.^ — t- 
Pat are now different. Without loss of generahty we can assume that the 
map Lp is nonconstant, otherwise the extendibihty of tp and is clear. 
Denote by Pq the point in Jn-i [X^^^^ represented by the nonsingular 

complex curve germ ip at (q. Some Uj^^ has nonzero value at Pq. From 

Proposition I5.1UI applied to wj"'' , it follows that 

T(r, (p) = O(logr) ||. 

Now the extendibihty of (p and i/j to respectively holomorphic maps 
C — Arg X and C — — Ptv follows from Lemma 15.61 □ 

III. Second Main Theorem from Log-Pole Jet Differential 

Nevanlinna's Second Main Theorem is a quantitative version of the 
Little Picard Theorem. The hyperbolicity of generic hypersurface of 
high degree corresponds to the Little Picard Theorem. We now discuss 
the analogue of Nevanlinna's Second Main Theorem for any regular 
hypersurface of high degree from our approach of jet differentials. 

In contrast to the use of holomorphic jet differentials vanishing on 
an ample divisor in the hyperbolicity problem, the jet differentials used 
for the Second Main Theorem are log-pole jet differentials vanishing on 
ample divisor. Our method fits in with Cartan's proof of the Second 
Main Theorem for entire holomorphic curves in P„ and a collection of 
hyperplanes in P^ in general position given in |Ca33] . 

We will first show how to construct log-pole jet differentials on P„ 
which vanishes on an appropriate ample divisor of P„ and whose log 
pole-set is contained in the hypersurface. We then present two Second 
Main Theorems for log-pole jet differentials, with the second one deal- 
ing with the situation of slowly moving targets. Then we show how 
Cartan's proof can be recast in our setting of Second Main Theorem 
for log-pole jet differentials vanishing on an appropriate ample divisor. 

Second main theorems are useful only when the estimates are rea- 
sonably sharp. In the case at hand, because of our construction of jet 
differentials is so far away from the conjectured optimal situation, the 
discussion about Second Main Theorems can only serve as pointing out 
a connection between Second Main Theorems and jet differentials and 
their construction. 

Theorem 5.13. (Existence of Log Pole Jet Differential) Let < 

Sq^e'q < 1. There exists a positive integer 6n. such that for any regular 
hypersurface X of degree 6 > Sn in fn there exists a non identically zero 
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log-pole n-jet differential lo on P„ of weight < 5'^" which vanishes with 
multiplicity at least 6^^'^" on the infinity hyperplane o/P„ and which is 
holomorphic on P„ — X. In particular, the log-pole divisor of oo is no 
more than A times X with A < n5'^° . 

Proof. We choose e, e', 6q, 9, 9' in the open interval (0, 1) such that 
{n + 1)^0 + ^ > (n + 1) + e, 1 - 4 < ^' < 1 - e', and £0 < 0- We apply 
Proposition 13 .81 to get A = A{n + 1, e, e') from it and then set 6n+i = A. 

Let / (xi, ■ ■ ■ , Xn) be a polynomial in terms of the inhomogeneous 
coordinates Xi, - ■ ■ ,Xn of P„ which defines X. Let X be the regular 
hypersurface in P^+i defined by the polynomial F = / (xi, ■ ■ ■ , Xn) — 
^n+i th.e inhomogeneous coordinates xi, • • • , Xn+i of P„+i. We apply 
Proposition 13.81 to F (instead of to /) to get an n-jet differential u of 
the form ^ which vanishes to order > 6^' at the infinity hyperplane 
of Pn+i, where Q is a polynomial in 

d^xi, ■ ■ ■ , d^Xn+i (0 < j < n) 

which is of degree mo = in Xi, - ■ ■ ,Xn+i and is of homogeneous 

weight m = \5^~\ in 

d^xi, ■ ■ ■ ,d^Xn+i (1 < j < n) 
when the weight of d^X£ is assigned to be j. 

We choose a nonzero integer i such that one nonzero term of -r— is 
of the form 



Qo 



dXn+l \ f d^Xn+l 

where Qo is a polynomial in the variables 

d^Xi^ ■ ■ ■ , d^Xn (0 < j < n) 

with constant coefficients and /^i, ■ ■ ■ , /^n are nonnegative integers. 

The complex manifold X is a branched cover over P„ with cyclic 
branching of order 5 at X under the projection map tt : X — P„ 
induced by (xi,--- ,x„,x„+i) ^-)■ (xi,--- ,x„). Let oj be the direct 
image of 

Oj Q 



under n. The n-jet differential u on P„ can be computed as follows. 
First we express d^Xn+i (by induction on £) as a polynomial of the 
variables 

Xn+i,(ilogX„+i,(iMogXn+i,- ■ ■ , / log Xn+i 
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with constant coefficients so that is expressed as a polynomial of 
xi,-- ■ ,Xn+i and 

d^xi, ■ ■ ■ , d^Xn, logx„+i (0 < i < n) 

with constant coefficients. Then we obtain u from — — ^ ^ by re- 

placing d^ log Xn+i by d^ log / and setting equal to 0. The log-pole 
jet differential u on P„ is not identically zero, because of the nonzero 
term 



Qo 



in Q. The log-pole divisor of u is no more than A times X with A < 
77,5^0, because u is an n-jet differential of weight < 5^°. □ 



Remark 5.14. Vanishing Order of Direct Image of Jet Differential. The 
log-pole jet differential constructed in Theorem 15. 131 as the direct image 
of a holomorphic jet differential under the a branched cover map of 6 
sheets may in general have high vanishing order (comparable to 6) at 
points of Pn, even though the polynomial Q on X in 

d^xi, ■ ■ ■ ,d^Xn+i (0 < i < n) 

used in the construction is of degree niQ = in Xi, ■ ■ ■ , Xn+i and is 

of homogeneous weight m = ["5^] in 

d^xi, ■ ■ ■ ,d^Xn+i (1 < j < n) 

when the weight of d^xg is assigned to be j. The reason is that a term 
like 

f dXn+l \ I d^Xn+1 

Wo 



would give rise to the term 

'dfV' fd^'f 



fj \ f 

in its direct image and the derivatives of / may contribute to high 
vanishing order (comparable to 6). 

However, when X is a generic hypersurface of P„, the arguments 
in the proof of Lemma 14.11 show that the vanishing order of the log- 
pole jet differential constructed in Theorem 15.131 as the direct image 
of a holomorphic jet differential has vanishing order comparable to 
mo = at points of P„ - X. 
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By applying Proposition 15.101 we have the following two Second 
Main Theorems for log-pole jet differentials, with second one dealing 
with the case of slowly moving targets. 

Theorem 5.15. (Second Main Theorem from Log-Pole Jet Differen- 
tials) Let X be an n- dimensional compact complex manifold with an 
ample line bundle L. Let Di, - ■ ■ , Dp, Ei, - ■ ■ ,Eq be divisors of L. Let 
uj be log-pole jet differential on X with vanishing on D = Di + ■ ■ ■ + Dp 
such that the log-pole set of u is contained in E = Ei + ■ ■ ■ + Eg with 
multiplicities counted. Then for any holomorphic map ip from the affine 
complex line C to X such that the image of Lp is not contained in E 
and the pullback ip*u not identically zero, 

pT{r,ip,L) < N{r,ip,E) + 0{\ogT{r,ip,L)) ||. 

In other words, 

^ m (r, (p, Ej) <{q- p)pT{r, (p,L) + (log T(r, ip, L)) || . 

The meaning of the log-pole set ofu being contained in E = Ei + - ■ ■+Eg 
with multiplicities counted is the following. Locally u is of the form 

with 

TiXi div Fi -|- ■ ■ ■ -|- r^Af div F^ 

contained is E with multiplicities counted, where div Fj is the divisor 
ofF,. 

Theorem 5.16. (Second Main Theorem for Jet Differential with Slowly 

Moving Targets) Let S C Pat be a complex algebraic manifold and 
X d X S be a complex algebraic manifold. Let n : X\ S be the 
projection induced by the natural projection Pa x Pa^ — Pa^ to the sec- 
ond factor. Let Ls be an ample line bundle of S. Let L be a line bundle 
of X such that L + tt"^ (L5) is ample on X . Let Di, - ■ ■ , Dp, Ei, - ■ ■ ,Eq 
be divisors of L. Let D = Di + ■ ■ ■ + Dp and E = Ei + ■ ■ ■ + Eg, For 
a e S let = TT^\a) and D^") = D\x(.) and = E\x(c). Let 
Z be a proper subvariety of S. For a E S — Z let u^"'^ be a log-pole 
jet differential on X^°'^ such that uj^°'^ vanishes on the divisor D^") and 
the log-pole set of u^"^ is contained in divisor E^^"^ with multiplicity 
counted. Assume that w^'^) is holomorphic in a for a E S — Z and is 
meromorphic in a for a E S. Let p be a holomorphic map from the 
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affine complex line C to X such that the image ofno(^ is not contained 
in Z and T (r, vr o (yj, L5) = o (T (r, (p,L + (L5))), then 

qT (r, ^,L + 7,-' < N{r, ip,D) + o [T (r, L + t,-' (Ls))) \\. 

In other words, 

p 

J2 ^ (r, if, D,) < (q-p) T (r, ip,L + it~' {Ls))+o (T (r, ^,L + (L5))) 
i=i 

In the product case of X = x S with Dj = Dj^\ the proximity func- 
tion m (r, if, Dj) in the formulation can he replaced m ^r, proj]^ o ip^ ^f^^j 

because N{r, ip, D) is equal to N ^r, proj^ o (^9, D^p^ and we can apply 

Nevanlinna's First Main Theorem to proj^ otp and the divisor and 
use the assumption T (r, vr o ip, Ls) = o(T (r, (p, L + tv^^ (L^))) . 

In the following remark we discuss how Cartan's proof of his Second 
Main Theorem for hyperplanes in general position can be interpreted 
in the setting of the Second Main Theorem for log-pole jet differentials. 

Remark 5.17. Cartan's Second Main Theorem for hyperplanes in P„ 
for hyperplanes in general position given in |Ca33j is simply the special 
case of Theorem 15.151 with 

Wron(dxi, ■ ■ ■ , dxn) 
CO = — 



in inhomogeneous coordinates of P„, where -Fi, ■ ■ ■ ,Fq are 

the degree-one polynomial in xi, ■ ■ ■ , which define the q hyperplanes 
in P„ in general position. 

Here the notation for the Wronskian 

Wron(r7i, ■ ■ ■ ,77^) 

for jet differentials f]i, - ■ ■ , r/^ on a complex manifold Y is used to mean 
the jet differential 

det {d^~^Vj)i<x,j<e = Yl (^^<^(2)) " " " {d^~^Va{£)) 



on Y, where Si is the group of all permutations of {1,2, ■ ■ ■ ,£} and 
sgn a is the signature of the permutation a. 
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The denominator Fi - ■■ Fq in u gives the vanishing order q at the 
infinity hyperplane of P„. The key argument here is that from the 
general position assumption of the zero-sets of Fi, ■ ■ ■ , Fg we can locally 
write a; as a constant times 

Wron (rfF,, , ■ ■ ■ , dF,„ ) Wron (d log F,, , ■ ■ • , d log F,„ ) 



... TP p . . . p 

in a neighborhood [/ of a point when Fj is nowhere zero on U for j not 
equal to any of the indices i^i, ■ ■ ■ , i^n. 
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